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The survival probability
of a weakly subcritical multitype branching process

in iid random environment.

M. Peigné () & C. Pham (2 (3)
January 17, 2023

Abstract. We study the asymptotic behavior of the probability of non extinction of a weakly
subcritical multitype branching process in iid random environments. Under suitable assump-
tions, the survival probability is of order of p"n~3/2 for some p € (0,1) to specify.
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product of random matrices, weakly subcritical case.
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1 Introduction and main results

1.1 Historical context

Branching processes in random environments (BPRE’s) is an important subject of the theory
of branching processes. This model was introduced at the beginning of the 1960’s; it takes
into account the random fluctuations of the reproduction laws over time. Various properties of
this and more general models of BPRE’s have been analyzed these last decades, through a large
number of varied articles. There exists a relatively complete description of the basic properties of
many models of BPRE’s either under the annealed approach or the quenched one. In particular,
the behavior of the single-type BPRE’s is mainly determined be the properties of the so-called
“associated random walk” constructed by the logarithms of the expected population sizes of
particles of the respective generations; this random walk divides in a natural way the set of all
single-type BPRE’s into the classes of supercritical, critical and subcritical processes (see [6] for
more detail). Notice that a precise estimate for single-type branching process in finite state space
markovian environment does exist [12]; the fact that the underlying Markov chain is finite is
essential in this study, this hypothesis is not relevant in the case of product of random matrices.

Analogues statements known for the single- type case do exist for the multitype BPRE’s
with finitely types p > 2. The role of the associated random walk is played in this case by the
logarithms of the norms of products of the mean random matrices associated to the environ-
ment. Recent useful results on fluctuations of ordinary random walks on the real line have been
extended in terms of p X p random matrices.In particular, the description of the asymptotic be-
havior of the survival probability for the critical multitype BPRE’s under general conditions has
been made in [16] and [5] where its is proved, under natural and quite general assumptions, that
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the probability of survival up to time n has the order n'/? for a multitype branching processes
evolving in iid random environment. The case of supercritical multitype branching processes
has been studied in [9], where a Kesten-Stigum type theorem is established. At last, as in the
single-type case, subcritical BPRE’s are divided in three categories: strongly, intermediately and
weakly subcritical. The first two subcases have been the subject of recent work: in the strongly
subcritical subcase, the annealed survival probability at time n is equivalent to p™ [21] while
in the intermediately subcritical subcase it is of the order of p"n~1/2 [6], where p € (0,1) is a
constant defined in terms of the Lyapunov exponent for products of the mean-value matrices of
the laws of reproduction of particles.

In the present paper, we establish a rough asymptotic estimate of the annealed survival
probability at time n in the weakly subcritical case. This case was resistant since there was no
local limit theorem for the norm of products of random matrices conditioned to remain greater
than 1 until time n. Such a local limit theorem is obtained in [18], its proof can be adapted to
the present context to show that the probability of survival at time n is of order p™n~=3/2 where

pe(0,1).

1.2 Notations and assumptions

We fix an integer p > 2 and denote R? (resp., NP) the set of p-dimensional column vectors
with real (resp., non negative integers) coordinates; for any column vector x = (z;)1<i<p € R?,
we denote & the row vector Z := (z1,...,2p). Let 1 (resp., 0) be the column vector of R”
whose all coordinates equal 1 (resp., 0). We fix a basis {e;,1 <7 < p} in RP and denote | - | the
corresponding L' norm.

The multitype Galton-Watson process is a temporally homogeneous vector Markov process
(Zy)n>0 whose states are column vectors in NP. For any 1 < ¢ < p, the i-th component Z, (i) of
Z, may be interpreted as the number of objects of type i in the n-th generation.

A multivariate probability generating function f = (f (i))lgigp is a function from (R™)? to
R* defined by

FO>s) =" p(a)s,

aeNP

for any s = (s;)1<i<p € (RT)?, where
(i) a = (a;); € NP and 5@ = s{" ... sp";

(ii) pd) () = p(i)(al, ..., 0yp) is the probability that an object of type ¢ has a; children of type
1,..., o, children of type p.

From now on, the multivariate generating function f is a random variable defined on a
probability space (2, F,P); let f= (f,)n>0 be a sequence of iid random copies of f, called the
(random) environment. The Galton-Watson process with p types of particles in the random
environment f describes the evolution of a particle population Z,, = (Z,,(i))1<i<p for n > 0.

For any s = (s;)1<i<p, 0 < 87 < 1,

E (Szn’ZO7 o 7Zn—17 f07 o 7fn—l) - fn—l(s)Zn71

which yields '
E (SZTL‘ZO = éia f07 s 7fn—1) = fOZ)(fl(- .. fn_l(S) .. ))



The probability of non extinction qg ) at generation n given the environment f when the ancestor

is of type i is
O = PUZa >0 S, o fa)
= 1= A Fa1(0)) = &L= fo(fil- - fo1(0)..))),
so that
Elg{)] = P(Zy # 012y = &) = E[&:(1 — fo(fa(- . fae1(0)...)))].

The asymptotic behavior of the quantity above is controlled by the mean of the offspring distri-
butions. We assume that the offspring distributions have finite first and second moments; the
generating function f = (f (i))lgigp, is thus C?-functions on [0, 1]P and we introduce:

(@)
(i) the mean matrix M = (M (i,7))i; = <aé); (1)) ;
J .
27]

, 2 £(3)
(ii) the Hessian matrices B(*) = (868;884(1)> Z, i=1,...,p.

We denote by (M,)n>0 (resp. (Bg))nzo,i = 1,...,p) the sequence of iid random mean
matrices (resp. Hessian matrices) associated with the sequence (fy,)n>0. These matrices belong
to the semigroup S of p x p matrices with positive entries; we endow S with the L'-norm.

We assume that the distribution pu of M satisfies the following assumptions.

P1 Moment assumption: E(|1In|M|| |M]) < 4o0.

P2 Irreducibility assumption: The support of p acts strongly irreducibly on the semigroup of
matrices with non negative entries, i.e. there exists no affine subspaces A of RP such that
AN (RTP is non empty, bounded and invariant under the action of all elements of the support

of 1.
P3 There exists B > 1 such that for p-almost all M and any 1 <i,5,k, ¢ <d

S M(k,0) < M(i,j) < B M(k,0) (1.1)

From now on, we denote by Sp the subset of S of p X p-matrices M satisfying condition (1.1).

E[ln |[Mp - - M,,_
P4 Subcriticality: The upper Lyapunov exponent 7, = lim aei¥0 = Mn-i]

n—-+4oo n
P5 There exists € > 0 such that uy{M € S : Vo € (RT)P s.t. |z| = 1,In|ZM| > &} > 0 and
p{M eS8 :Vz e (R st. |z =1,In|Mz| >} > 0.

18 negative.

As it is usual in studying local probabilities, one has to distinguish between “lattice” and “non
lattice” distributions. The “non lattice” assumption ensures that the process (In|ZMpn—1|)n>1
does not live in the translation of a proper subgroup of R; in the contrary case, when p is
lattice, a phenomenon of cyclic classes appears which involves some complications which are not
interesting in our context. In section 2, we give a precise definition of this notion in the context
of products of random matrices.

P6 Non lattice assumption The measure p is non lattice.




We also introduce the following hypotheses concerning the environment f.

P7 There exist eg, Ky > 0 such that for any i,5 € {1,...,p} and any n >0,

(a) P(Zp41(1) > 2| Z, = €5) > €,
(0) P(|Zpt1] = 0| Zy = €;) > e,
(¢) E[|Znsal? | Zn = €] < Ko.

Let us first explain some consequences of hypotheses P1 and P4 and the way three different
subcases appear in the subcritical case. Using the standard subadditivity argument, one infers
that, under P1, for any 6 € [0, 1] the limit

1/n
A#):= lim E [|Mn Lo Mol < 400
n——+0o0o
is well defined. The function A is the analogue of the moment generating function for the
associated random walk in the case of branching processes in random environment with single
type of particles. The function @ — E[|M|%] is at least twice continuously differentiable on [0, 1[.
We set : for 6 € [0, 1],
A(0) :=1n \(0).

This function is also twice continuously differentiable on [0, 1], with

E[ln [M] |M]°]
A(0)

E[(In [M])* [M]°] — Efln |M] |M|")?
A(0)

N (0) = and A”(0) = > 0.
Hence, the function A(€) is convex with A(0) = 0. There are three cases to consider.

1. E[ln|M| |M|] <0, i.e. A’(1) <0 (hence A(1) < 0, by convexity). This case corresponds
to the strongly subcritical case for single type branching processes, it is studied in [21] when

p > 2. Under suitable conditions, it holds

El¢W] =P(|Z,| > 0| Zo = &) ~ EA*(1), i=1,...,p

with ¢ > 0 and A\(1) €]0,1].

2. E[ln|M]| |M|] =0, ie. A'(1) =0 (hence A(1) < 0). It corresponds to the intermediately
subcritical case for single type branching processes, it is studied in [6] when p > 2. Under
suitable conditions, it holds the following rough estimate

Elgy)] = P(|Za] > 0| Zo = &) < ¢A"(1), i=1,...,p

with ¢ > 0 and A\(1) €]0,1].

3. E[ln|M| |M]] > 0, i.e. A’(1) > 0. This is the weakly subcritical case when p =1 and this
is the aim of the present article in the case when p > 2, we only obtain a rough estimate.

In the sequel we focus on the weakly subcritical case, we denote by 6, the unique value of
in 0,1 s.t. A'(6x) = 0. We set p, = A(64); it is obvious that p, €]0,1][.

Notation. Let ¢ > 0 and ¢, be two functions of some variable u; we shall write ¢ % Y (or
simply ¢ =< 1) when ¢(u) < cb(u) for any value of u. The notation ¢ = 4 (or simply ¢ < 1)
means ¢ % P % o.



1.3 Main statement

Now, we may state the main result of this article which concerns a rough estimate of the

probability of extinction in the weakly subcritical case.

Theorem 1.1 Assume that conditions P1-P7 are valid and Elln |M| |M|] > 0. Let A\(0) :=
1/n

limy, 400 E [[Mn_l - Mo’ and 0, the unique value of 6 €]0,1[ s.t. N'(6,) = 0.

Then, there exists positive constants ¢ and C such that for 1 <i <p,

Py
n3/2

Py
n3/2

C §P(|Zn|>0|20:éi)§0

with p, = \(0,) €]0,1].

2  On products of positive random matrices

The random variables M,, and B,(f) are iid with values in the semigroup S of p X p matrices with
positive coefficients. We set, for any 0 < k <mn,

Mk,n:Man and Mn,k:Man

In order to control the asymptotic behavior of the matrices M, o and My, (resp. Mo n—1),
we study their action on the cone of column (resp. row) vectors with positive entries.

Let C (resp. C) be the set of column vector (resp. row vectors) in RP with positive entries.
For any = € C, we denote by Z the corresponding row vector. We also set X := {z € C,|z| = 1}
and X = {# | z € X}. We consider the following (left and right) actions of S :

e the linear action of S on C (resp. C) defined by (M, z) — Mz (resp. (M, &) — M) for

any M € S and = € C,
L . S Mz

e the projective action of S on X (resp. X) defined by (M, z) — M - x := ]
x

M

<resp. (M,2)—Z-M = TTM]

) for any M € § and x € X.

P

For any M € S, set v(M) := 1%11<1d<; M(Z,j)) Then, for any = € C,
0 < v(M) Jo| < [Ma] < |M] Jo].

Similarly, noticing ‘M the transpose of the matrix M, it holds
0<v('M) |z| < |ZM| < |M] |x|.

Consequently, hypothesis P5 holds when p{M | v(M) > 1} > 0 and pu{M |v(*M) > 1} > 0.
In the context of branching processes, we focus on the right action of § on X. Thus we
naturally endow X with a distance d which is a variant of the Hilbert metric: this distance is



bounded on X and any element M in S acts on the metric space (X, d) as a contraction. More
precisely : for any T = (xi)lgigmg = (yi)1<i<p € X, we write

2
m(Z,y) = min{—z t=1,...,p such that y; > 0}
Yi

and we set d(Z,7) := @(m(i,g)m(g,i)), where ¢(s) := T ® for 0 <s<1. For M € S, we set
s

c(M) :=sup{d(i - M,5-M) |, € X}.
By [14], the function d is a distance on X which satisfies the following properties:
1. sup{d(z,7) | Z,5 € X} = 1.
2. For any M € S,

= GDMOGD < MG DM
ijkle{l,..py M(i,5)M (k1) + M@, 1)M(k,j)

In particular, there exists ¢ € [0,1) such that ¢(M) < ¢p < 1 for any M € Sp.
3. d(&-M,j- M) <c(M)d(#,7) < c(M) for any #,§ € X and M € Sg.
4. ¢(MM") < ¢(M)e(M') for any M, M' € Sp.

The following lemma plays a crucial role in controlling the behavior of the norm of the
product of random matrices My, M7, ... (see Lemma 2.2 in [1]). We denote by Tp the closed
semigroup generated by Sp.

Lemma 2.1 Under hypothesis P3, for any M € Tg and 1 < 1,75, k, ¢ < p,

2

B
M(i,5) < M(k, ).
In particular, there exists 0 > 1 such that for any M, N € T and z,y € X,
é é
1. |Mx| =< |M| and |gM| < | M|,
~ 3
2. [yMzx| = [M],

6
3. [M[[N| = [MN| < |M||N].

On the product space X x S, we define the function p by setting p(#, M) := log|zM]| for
(z, M) € X x §. This function satisfies the following cocycle property

p(Z, MN) = p(2, M) + p(Z - M, N)

for any M, N € S and & € X.

We achieve this paragraph with the definition of a “lattice” distribution p (see hypothesis
P6) in the context of product of random matrices. It may be stated as follows: the measure p
is lattice if there exist t > 0, € € [0, 27] and a function ¢ : X — R such that

Vg € Ty, Vo € (Ty,), exp{itp(g,z) —ie +i(Y(g-z) — ¥(x))} =1, (2.1)

where T}, is the closed sub-semigroup generated by the support of f.



2.1 Exponential change of measures

Under hypothesis P1, for any ¢ € [0,1], we introduce the operator Py defined by: for any
bounded Borel function ¢ : X — C and 7 € X,

Pop(7) := E[|aM|*p(z - M)).

For any n > 1, it holds
Pyo() == E[|EMon-1|¢(& - Mon—1)].

The operators Py are positive, they act continuously on the space C (X) of C-valued continuous
functions on X endowed with the norm of uniform convergence | - |o. Under condition P3, their
spectral radius on C(X) equals A(6).

We denote by By the space of #-Holder continuous functions ¢ : (X, d) — C such that

@) —0(@)]
0

my(p) = SuP@géeg& qir - < oo Endowed with the norm |- |g := | - |oo + ma(+), the space
Ty

(Bg,| - |g) is a C-Banach space. Furthermore, for any ¢ € By and n > 1,

mo(Py¢) < Ele(Mon-1)°|Mon-1]"] mo(e) + 2° E[|Mon-1|°] l¢loo
< B[ Mon-1]%] mo(e) + 2° E[|Mon-1|°] |¢]so

with 7 = (cg)? where cp = supyes,, ¢(M). By hypothesis P3, it holds ¢ € [0, 1], hence r < 1.
In other words, the operator Py satisfies the Doeblin-Fortet inequality on By : for any ¢ € By
and n > 1,

1P3olo < r"E[[Mon1|’llelo + C < E[|Mon1|]|¢loo

for some constants C' > 0 and r €]0,1[. By [13], the operator Py is quasicompact on By, with
spectral radius A(f). By [8] and [2], 1 is the unique eigenvalue of Py with modulus 1, it is simple
and there exist a unique strictly positive function vy € By and a unique probability measure vy
on X s.t. vg(vg) = 1 satisfying

vgPy = N0)vy and Pyug = \(0)vy.
For any 6 € [0,1], we thus introduce the new transition probability kernel Py on X defined by:
for any bounded Borel function ¢ : X — C and any = € X,

Pyip(&) = ~)Euowm%e(:z - M)y (Z - M)].

A(O)vg(Z

By the above, this Markovian operator is quasicompact on X with 1 as a simple and isolated
eigenvalue and without any other eigenvalue of modulus 1. The powers of Py are given by: for

any n > 1, .
Py () = WE[’fMo,n—ll%e(f - Mo p—1)(% - Mo 1))

Let (X?),>0 be the Markov chain on X with transition operator Py. For a € R* fixed and any

T € X, set
So=a, S,=28,(%,a)=a+1In|zMy,_1|,n> 1.



We associate to Py the Markov walk (Xg, Sp)n>0 on X x R with tran§ition operator ]59 defined
by: for any bounded Borel function ¥ : X x R — C and any (Z,a) € X x R,

PyU(3,a) = WE[@MWW@ M) (i - M, a+n |#M))].

In order to study the behavior of the (X2 S,)n>0, we introduce in a natural way the family of
“Fourier operators” (Py;)icr defined by: for any 6 € [0,1] and t € R,

Py yp(7) = WB[I@MW*%M M)(F - M),
= mﬂg[e(@ﬁ—ﬁ) ln(\iM\)Ue(j - M)(F - M)

In the sequel, it is thus natural to consider the collection of probability measures Pg’a, T €
X,a € R (with associated expectation IE%CL) on (£2,F) whose restrictions to the o-algebras

o(My, ..., M),k > 1 are given by: for any positive Borel function ¥ : S¥*1 — C,

1 N
ES (U(Moy,..., M) = ———FE[U(My, ..., M;))e*T0mlaMorDy) 5. 0 2.2
:c,a( ( 0> > k)) )\k(e)vg(i) [ ( 05 ) k))e U@(x O,k)] ( )
and with the same conditional probability measure Pyzy—ym,.... M,=m, as P, for any mg,...,my

inS.
Now, we fix § = 6,. The matrices M, are iid with respect to the measure P but this property
is no longer relevant with respect to IP’g,*a. Neverthelesss, due to the quasicompactness of the

operators Py, established above, the fluctuations of the process (ZMj,,—1) with respect to nga
may be controlled as in [19]; the Markov chain (M,,Z - My ,—1 )n>0 driven by the Markov
operator P falls within the scope of the article [11] which leads to the following statement.

We denote by 73, := min{n > 1 | S,(Z,a) < 0} the first moment when the sequence
(Sn(Z,a))n>0 enters the set | — 0o0,0]. Modifying in a natural way the arguments used in [19]
one can conclude that under the conditions P1-P6 the function hf : X x [0, +oc[— [0, 00|
specified by the equality

Wo(Ea) = lim E™(8,(Z,0), 730 > n)

satisfies the property E% (h% (3 - My, S1(%,a)); Tz.q > 1) = h%*(%,a). This function h’ satisfies
the following properties (see Theorems 2.2 and 2.3 in [11]).

Proposition 2.2 There exist constants C > 1 and A > 0 s.t., for any x € X and a > 0,

ho (3
P (15,4 > 1) ~ (& a) as n — +00

V2mn

with

0
P (154 >n) < C (& a)

—1 _ < Ok ( ~ < .
< NG and C~ max(l,a —A) < h™*(Z,a) < C(1+a)



In the sequel, we also need a control of the quantities P%*(S,(#,a) € [b,b + {], 7z, > n) for
any interval [b, b+ £] included in R*. The following statement, in the spirit of Stone’s theorem
for classical random walks, is stated in [10] for Markov walks over a finite state space and is
meaningful when the parameter b is of order y/n. As announced in [10], this statement is valid in
fact in a more general setting, namely when the underlying Markov chain is irreducible and its
transition operator satisfies a spectral gap property. When p is non lattice the spectral radius
in By, of the “Fourier operators” Py, ;,t € R* is < 1; this is crucial in the proof of the following
statement.

Proposition 2.3 Under hypotheses P1-P6, for any fized (Z,a) € X x R, ¢ > 0 and uniformly
inbeRT,

. 0, y 24 h%(&,a) b B
nEToo <an’ (T#.a > m, Sp(Z,a) € [b,b+ 1)) Noro: Ot o))~ 0,

where @ (t) = te™" /21y (t) is the Rayleigh density.

This is now of interest to introduce the following notations. For any y € X and b > 0, we
set Sp(y,b) := b — In|M,_10y| and denote by 7,, := min{n > 1 | S,(y,b) < 0} the first
moment when the sequence (S, (y,b))n>0 enters the set | — 00,0]. Propositions 2.2 and 2.3

also hold for the process (My,—1,0 -y, Sn(y,b))n>1 and the stopping time 7,5, we denote by o
the function analogous to h’* which appears in the corresponding statements for the process

(My—1,0 -9, Sn(y,0))n>1-

In the sequel , we set A := Ind where § is the constant which appears in Lemma 2.1; the
proof is detailed in [18].

Propositions 2.2 and 2.3 yield to following statement.

Corollary 2.4 Assume hypotheses P1-P6 hold. Then, there exists a positive constant C'> 0
such that for any = € X,a,b > 0 and any £ > 0,
C

P (75,4 > 1, S, (%, a) € [b,b+{]) < =7 ho* (%, a) h%*(z,b) . (2.3)

Furthermore, there exist ¢ > 0 and {y such that for £ > ly and b > B,

lim inf 3/ 2]?2*&
n—-+0o00 )

(Ti.a > 1, Sn(E,a) € [b,b+£]) > ¢ h¥(%,a) h(z,b) L. (2.4)

Proof of corollary 2.4.

When studying fluctuations of random walks (S,)p>1 with iid increments Y} on R% d > 1, we
often reverse time as follows. For any 1 < k < n, the random variables S,, —Sj, = Yy+1+...+Y),
and S,_r = Y1 + ... + Y, _; have the same distribution. In the case of products of random
matrices, even when the M; are iid (which is not the case under P%), the cocycle property
Sn(Z) = Sp(2,0) =In|ZMo 51| = Sk(Z) + Sn_k(Xk), with X = 7 - My ., decomposes the sum
Sp(Z) into two terms which are not independent. Hence, the same argument as in the iid case
cannot be applied directly. The fact that the matrices My, M1, ... belong to Sp helps here :
for any x,y € X, we can compare the distribution of S, (Z) — Sk(Z) to the one of In |M,,_x_1 oy|
(notice here that the non commutativity of the product of matrices forces us to consider in this
last quantity the right linear action of the matrices Mg ,,—;_1). It is the strategy that we apply
to obtain the following result (see lemma 2.3 in [18]) which is central in the sequel.



Lemma 2.5 For any x,y € X,a,b>0 and { > 0,
P(7i.4 > n, Su(@,a) € b,b+£)) < P(7, prern >n,S0(y, b+ €+ B) € [a,a+ {+2B]).
Similarly, fora>£€>2B >0 and b > A,
P(7i.4 > 0, Sp(@,a) € [b,b+£]) > P(7, p_p > n,Su(y, b—B) € [a—{,a —2B)).

This allows us to apply the same strategy as in [18] to prove Corollary 2.4. Let us propose a
sketch of the argument.

Proof. Inequality (2.3) is proved in [17] Corollary 3.7. The proof of the lower bound (2.4) is
based on Proposition 2.3. We set m = |n/2] ; by the Markov property and Lemma 2.5,

PO (T30 >n, Sp(Z,a) € [b,b+ 1))
> PP (15,4 > 0, (@, a) € [V/n,V2n], S, (2, a) € [b,b+{])
> 3 P9*<Tj,a>n,k‘§5m(5j,a)Sk—kl’ bggﬂ(;g’a)ébJrg)

keN

Vi< k <v2n—1

> Y / P (5.0 > m, (3 - Moy_1, Sm(#, a)) € di'dd’)
BeN Xx[k,k+1]

VA< k <v2n-1
]P)G*(Ti‘/7a/ >n—m,b < Sn—m(j/7 a/) <b+ E)

> Y[ P m @ Mo, Sa(5,0)) € di'dd)
keN Xx[k,k+1]

VA< k <v2n—1
]P’e*(?x,b_A >n—m,a —{< S'n_m(m, b—A) <d —2A)
> Z PO (Tgm >m,k < S (Z,a) < k+ 1)
keN

VA< k<v2n-1
Po+ <7~'m,b—A >n—mk+1-(< gn—m(l’a b—A)<k- 2A) (2.5)

By Proposition 2.3, there exists a constant Cy > 0 such that when \/n < k < V2n—1,

lim inf nP% (T;C,a >m, k< 5,(%,a) <k+ 1) > Cy h¥(%,a)

n—-4o0o

and

lim inf P% (%w,b_A Sn—mk+1—0< 8 pm(z,b—A) <k— 2A) £) > Co(l—2A—1) AP (7,b— A).
n—+o0o ————
= hOx(%,b)

Hence, inequality (2.5) yields, for n large enough,

2 ~
0P (15,0 > n, Sn(%,a) € [b,b+£]) > %(\/ﬁ — /) (0 —2A — 1) h¥ (&, a) h%*(2,D),

10



which implies, for such n,

hox(%,a) ho*(Z,b)
n3/2

PO (1 > n,S, € [b,b+ 1)) = (0 —2A —1)
This achieves the proof of the lower bound (2.4) taking ¢y := 4A + 2.
O
As a direct consequence, we obtain the following “rough local limit theorem” for the process
(Sn(Z,a)n>0 and its minimum under the probability P.

Corollary 2.6 Under hypotheses P1-P6, there exist positive constants ¢,C and £y such that
for any a > £ > lg,b > A and any x € X,

P(73,4 > 1, S, (%, a) € [b,b+ 1)) < C ’;*/2 Ko+ (&, a) WO (&,b) €0 ¢ (2.6)
n
and
n3/2 ~
lim jnf o (Ts.a > 1, Sn(F,a) € [b,0+£]) > ¢ hP*(&,a) W% (&,b) @00y, (2.7)
Similarly,
6 Os ( ~ Py P 6 s (=
P(r3,>n) < C €7 h’*(Z,a) 3 and EEE&E 7 P(75,4 > n) > ce’** h"*(Z,a).

(2.8)

Proof. By using definition of E% (see (2.2)) and the fact that the function vy, is non negative
and continuous on X, we may write

P(73,4 > n,Spn(Z,a) € [b,b+ 1)) < p} efra o [T#a >, e_e*S"(i’“)1[b7b+g](5n(:%,a))]

with ¢ %O+ 1 440 (Sa(,0)) < 50D 1y 440 (90(F,a)) < €™ 144(Sn(T,a)). Simi-
larly P(75.4 > n) = p "% B (15, > n, e~ 0+ (@0 with

B (15,0 > n,e @) < N "o bb Pl (5, > 0, S, (&, a) € [k, k + 1]).
k>0

Inequalities (2.6), (2.7) and (2.8) follow, by applying Corollary 2.4.

3 Proof of the main theorem

3.1 Expression of non extinction probability

For every realization of the environmental sequence f = (fo, f1,...) and 0 < k < n—1, we define
Fk,n—l = fk ©...0 fn—l and Fn,n—l = Id.

For < i < p, we set Flgle_l = sz‘) o...0 fp_1. From the definition of the process (Z,)n>0, it
holds ‘ '
E[s%" | Zo = &, for- - fa1] = £ 0.0 fuci(s) = By (s)

11



so that '
a) = P(|Za] > 0| Zo = &) = E[1 - ) _,(0)]
For a generating function f with corresponding mean matrix M and a matrix a = (a(k,4))i<kr<p

with positive entries, we set, for s € [0, 1]?,

2l 2l
Vrals) = — :
P R ) [aM A - s)]
We fix i € {1,...,¢}. Let a®) be the matrix with a®(i,i) = 1 and a®(k,£) = 0 for all
(k,€) # (i,i). Using the definition of the functions v 5, we write for n > 1,

1
= i F; n—1{S)),
TR R Z\a@ Ve st (0)

where, as previously Mg, = My ... My, for any k > 0. Consequently,

E[¢{'] = E[1 - Fy)_,(0)]

- -1
- " ‘a(l MO n— 1’ Z wfkva(i)Mo,kﬂ (Fk"‘l’”_l(o))

L Me,n—1

_ —1
~E Z iy Vs (Pt (0)

L Nk,n—1

with the convention 79 ,—1 = 1. By Lemma 3 in [5], it holds 0 < 7y, ,,—1 < Bp*T;,.

In the sequel, we also need a control of the lower bound of the random variables 7, ,—1. This
is why we introduce the restrictive assumption P7, which readily implies, by a straightforward
computation, that the random variables are bounded from below and above by non negative
constants (see for example [3]). Thus, under this additive assumption, it holds

1
|Moo|= + ...+ [Mo 1|1

ElgV] <E (3.1)

This is not an exact formula but it is sufficient in our context since we only have rough estimates
in Corollary 2.6. We cannot improve our result as long as we do not have a precise estimate in
the local theorem for the norms of products of random matrices conditioned to remain > 1 until
time n.

3.2 The change of measure ﬁz,a

In the case when the Lyapunov exponent of the sequence (M,),>0 equals 0, it is natural
to introduce the following new probability measure Pz, on the canonical path space ((X x

12



R)®N 6(X,,, S, : n > 0),0) of the Markov chain (X, S,)n>0 (), whose associated expecta-
tion E; , is characterized by the following property : for any bounded and non negative Borel
function ¢ on (X x R)kH with compact support,

Es.alo(X0, S0, - - -, Xi, Si)] := lim Bz [0(Xo, ..., Sk) | 7> nl,
n——+o0o

when the limit exists. The fact that the Lyapunov exponent of the sequence (M,,),>0 equals
0 implies that the probability Pz .(7 > n) decreases towards 0 as 1/y/n (see [19]) and the
expectation [ is given explicitely as follows

~ 1

Ez a[(Xo, S0, - - -, Xk, k)] = mEi7a[§0(X07 e Sk)M( Xk, Sk), T > K],
for some non negative function h (see [16] for the details). Furthermore, if (Y})r>0 is a sequence
of bounded real-valued random variables, adapted to the filtration (F)x>0 and which converges
in I[Jl(]P’;C,a) to some random variable Y., then

nEToo Ezo[Yn | 7> n] = Ez[Yool. (3.2)
This last property yields to the speed of convergence to 0 of the extinction probability in a
rather luminous way [16], [17].

In the present case, a similar construction does exist under the probability P?+; in this case,
the sequence (M,,)n>0 is not iid but the choice of the parameter 6, is done in such a way the
corresponding Lyapunov_exponent A (6y) equals 0. Thus, we_introduce the following family
of probability measures ]P’gfa (with corresponding expectation nga) whose restriction to the o-
algebras o(Xo, So, ..., Xk, Sk),k > 0 are defined as follows: for any bounded and non negative
Borel function ¢ on (X x R)kH with compact support

~ 1
E2,[p(Xo0,So, .. Xi, S)] = mzagja[cp(xo, SR (X, Sk), T > K (3.3)

_ Eia [0(Xo, ..., Sp)B% (Xg, S)|EMo p—1|%vg, (2 - Mog—1), T > k|
B pf hG* (i‘7a) Vg, (‘%)

The rough estimate of the quantity Pz ,(7 > n) given by (2.8) immediately yields

Eia [¢(Xo, ..., Sk)h? (X, Sp)|EMo g—1|%, 7 > k]

E% [o(Xo, S0, - - -, Xk, Sk)] =<
x,a[go( 0,20, s ko k)] plj he*(:i,a)

(3.4)

Let us conclude this paragraph noticing that the property (3.2) does not hold anymore, even in
a weaker form, as the reader can see by following the demonstration of lemma 4.1 in [17]. The
strategy to get the speed of convergence towards 0 of the survival probability is thus different
and uses a clever decomposition of the denominator of the right hand side in (3.1), inspired
by [15] and [7].

19 denotes the shift operator on (X x R)®Y defined by 9((xk, Sk)kzo) = (Tkt1, Sk+1)k>0 for any (xg, Sg)r>o0 in
(X x R)®N

13



3.3 Proof of Theorem 1.1

We set here my, := min(|Mop|, ..., |Mog—1|) = min(|IMqpl,...,|IMox_1|) for any k > 1.
Hence (m,, > e™*) = (15, >n) for any a > 0 and (2.7) and (2.8) may be restated in particular
as follows : for £ > £,

3/2

lim inf T P(73.4 > 1, Sp(&,a) € [b,b+€)) > ch? (&,a) % (&,b) (@7=0 ¢ (3.5)
and
—a p* L a (1 pf
]P)(mn >e )§ c 7”L3/2 9 he (1,(1) n3/2 (3'6)

where ¢, C' are two strictly positive constant.

3.3.1 Proof of the upper bound
It holds
P(1Z] > 0) = E[g{]

P(m, > 1) +E[Q£L2)amn < 1]
< P(my > 1) + E[my,;m, < 1]

IN

+0o0o
P(m, > 1)+ Z e HP(e <m, < e )
=1

IN

+00
<P(m, >1)+ Z e MP(m, > e with P(m, > e™*) = P(ri,>n)

/=1
+o00
=P(rig>n)+ Z e_“l]P’(TM >n)
/=1
n +oo
* 6* -/
BT n3/2 Zh e by (3.6),
Py
n3/2"

The upper bound is established.

3.3.2 Proof of the lower bound

n—1

We fix 0 < k < n/2 and decomposez Moy | as A + B + C where
k—1 n—k—1 n—1
A= "|Mo,™, Bi= > [My™ and C:= )  |My,™"
£=0 l=k l=n—k

14



It holds

P(|z{| > 0) = E[g{"]

n

1
>E : >1
= [1+A+B+C’m"— ]

1
> - > — : > .
_E[l—kA—i—C’mn_l] E [B;m, > 1]

1
First step : control of the term E [m,mn > 1]
It holds

1
L+ A+0) Mo~V
My > 1, [My—pgp—1| < 1,0, |[Mp_1,-1] <1]
since [my—p > 1, | Mp_ppn-1| < 1,...,|Mp_1pn-1| < 1] C [my > 1]
> E[ ! ;
24+ A+ My
My > 1, [My—pp—1| < 1,0, |[Mp_1,-1] < 1]
since |Myy1-1| > |[Mog| hn—k <€ <n—2and My, 1| ' <1
on the event [|[Mp,—1| > 1]

> E| ! ;
B 2+A+Zz | Mol

1
Mp—k Z 17 1 S ’MO,n—k—l‘ S K; E S ‘Mn—k,n—ﬂ S 17 ey ‘Mn—l,n—l‘ S 1]

1
E|l——m,>1| >E
[A+le—}—[

for any constant K > 1,

1 .
2 E[2 A_ k-1 M/ ’
A+ M

1
Mot 2 1,1 < [Mop—p1| < K, = < | My _q 4] < 1,000, | M| <]
by setting (My_jt1,..., My_1) = (Mj,_y,..., M) and My, = My... M;
1 1
=E [mymn k> 1,1 < [Myyp| <K, — e < Myl <1L,M, <1
k—1
with C" := Z |Mj 4| and My, := max(|Mq 4],..., |M;_;4])

=1
1 1

1+ A 1+C”

I —

>

E[ My > 1,1 < [Mo 1| < K,
i<yM’ | <1,M}_; <1]
i S WMl s LM =

2
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1 1
> -k > 1,1 < |M, <K
=9 1+Amnk ’0nk1‘ :|

1 1
x E [m7 IS My 14| <1, M, <1

1
by independence of the random variables H——Al[m"*k >1,1<| My n_p_1|<K] a0d

1
1+C’1[%| _palSLMG <1

Now, we assume In K > {y; it holds, on the one hand

. 1
hmlnfn—E[ A’m" g > 1, 1<|M0n k1] < K

3/2 1
n i i
T n—too P |:1_|_A mi = 1P1‘kak(mn o0 0% >1, 1<‘M0n 9 00 ‘<K)

with 7, =1 - My -1 and aj, = In | My j—1|

1
—p* E[ A7 217

3/2

n
IT}I_I}_}_I;E‘ Qk]P)xk,ak (mn—2k © Hk > 17 1< ‘MO,n—2k © ek‘ < K)]
Y

>c hOx (Zg,a5) Ao (1,0)e%*(@=10K) In K >0 by (3.5)

InK _ -
P "E —|M0k 15 me > 1,0 (1 Mog—1,In [ Mo 1))

>c —
- K 1+ A

) 1
- IEi’fo[vrA}

On the other hand, since the function h% associated with the process (My, -2, b+1n | My, 12|)n>1
satisfies hf (z,b) < 1 for b in a compact set, it holds

11 S0, 1 L
Py kE[m7? S ‘M]é—l,l‘ S 17M§€_1 S 1] 2 cInK El?O[m]
Finally
3/2 1 R R 1
im i E|l——:m, >1| = E% [— ] x Ef" [—— '
n—+oo pit |:A—|—C’m - :| - 1,0[1+A] X 1,0[1+C/] (3 7)

Second step: control of the term E [B;m,, > 1]
n—k—1

B=B,i:= Y [My™"
l=k
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—k—1
< Z 2—£]P> <‘M07g’_1 c [2672Z+1[;mn > 1)
>0 =k
n—k—1
<y 27 P(| My |7t € [25, 2 ;my > 1,
>0 =k
|Moita1| > 1,...,[Mon-1] > 1)
n—k—1
< 27P(| Mot € [2°, 27 fmy > 1,
>0 (=k
|Mit141] > 275 0 [ M1 > 279
n—k—1
= 27 P(| My |7 € 125, 2P sy > 1) P(my_iq > 279)
>0 (=k i
- _Px =/ *
~3.3/2 n—9)3/2
n—k—1 3/2
Py S < n )
o) (%
— 3/2 3/2(y, _ 7\3/2
n?/ >0 =k 2 (n =)
<

Last step: choosing k large enough
3/2

By the above sup ——E [B;m;,, > 1) — 0 as k — +oo. It remains to check that the factors

n> Px

] and IAE%O[

a1 1
10' + A 1+C
By (3.4) and by convexity of the function z % on R**, it holds

| in the right hand side of (3.7) do not converge to 0 as k — +oo.

[ 1 | 1
Eib 1+ A = EG [ AJ = 400 ’
) ol 1 _I_ R B B
WA S ]
/=0
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and it suffices to check that I/E\J%O [Z 1Mo |~}

which yields the expected result. The same argument works for the factor I@ifo[

+oo
< +oo. Indeed, for any ¢ > 0,

£=0

E%, [11Moel "] 2 B [| Mo~ (1 +In | Moel), mes > 1]

—+00
< Z ke ™" PP (M < My, < et mypq > 1)
k=0

= PQ*(kgsprl(i70)<k+177—170>g+1)
1 400
< 72 Z k2e™* by inequality (2.3),
k=0

1

ol ™Y

considering the random variables S¢(1,0) and 7y o instead of S¢(1,0) and Ti0-
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