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Abstract A numerical approach based on the Embed-
ded Finite Element Method (E-FEM) has been elabo-

rated in order to model size effect in nanocomposites.

For this purpose, the E-FEM standard Statically and

Kinematically Optimal Nonsymmetric (SKON) formu-

lation is enhanced to incorporate a surface elasticity
at the interface between the matrix and the inclusions.

The results obtained with the proposed approach for a

couple of problems have been compared to analytical

solutions and other numerical approaches. This study
has been carried out considering both linear and nonlin-

ear behaviors of the materials. The developed approach

is shown to be an efficient tool for the evaluation and

prediction of the mechanical behavior of nanocomposite

materials.

Keywords Nanocomposite · Size effect · Finite
element method · Surface elasticity · Homogenization

1 Introduction

Due to their remarkable physical properties (mechani-

cal, electrical, ...), composite materials with nano-fillers,

also known as nanocomposites, have raised a great in-
terest over the last decade. One of the main features of

nanocomposites compared to conventional composites
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is the so-called size effect they exhibit: for a given vol-
ume fraction of nano-fillers, the macroscopic behavior

depends on the size of the fillers [1–5]. This size effect,

due to local phenomena at the atomic scale [6, 7] is

usually attributed to the increase of the ratio interface

area to bulk volume. In the case of nanocomposites,
the ratio between the interface regions and the bulk is

much higher than for standard composites, the phenom-

ena taking place at the interfacial regions are no longer

negligible, leading to a modification of the macroscopic
behavior of the material.

From the modeling point of view, the size effect can

be modeled by adding an imperfect interface or inter-

phase between the matrix and the inclusion. The esti-

mation of the macroscopic and effective properties of
the material are obtained based on advanced homog-

enization techniques. Since standard experimental se-

tups are not able to access the local phenomena arising

at the nano or even sub-nano (atomic) scales, Molec-
ular Dynamic (MD) simulations are often employed to

“identify” the model parameters needed in continuum

mechanics based modelisation (see for instance [6, 8, 9]

for interface parameters identification by MD simula-

tions or [10–14] for interphase models).

Regarding analytical approaches, two different types

of models are considered to account for the interfacial

effects : either surface elasticity on zero-thickness in-

terfaces [7, 15–22] or elastic non-zero thickness inter-

phase [23,24] are considered. The main limitation of all
these studies remains in their restriction to quite simple

shapes for the inclusions (spheres, cylinders, ...). More-

over, the extension of these approaches to non-linear

behaviors is not straightforward. Several analytical ef-
forts have been conducted to estimate the macroscopic

yield strength of nanoporous materials [25–28]. Nev-

ertheless, a complete model of nonlinear behaviors of
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nanocomposite materials is still not easy to elaborate

on from analytical solutions. The development of ded-

icated numerical approaches is, therefore, necessary to

circumvent all these limitations. However, very few con-

tributions are related to numerical description and im-
plementation of such interface/interphase models in Fi-

nite Element (FE) codes. These developments are based

mainly on the standard Finite Element method with

the interface/surface-type element as in [29–31] or the
eXtended Finite Element Method (X-FEM) in [32–35].

The evaluation of these two numerical approaches in

the context of nanocomposite has been presented in our

previous work [36].

We propose in the present paper an alternative nu-
merical approach for modeling the size effect in nano-

composites. The proposed approach is based on the Em-

bedded FEM (E-FEM) method usually used to handle

strong discontinuities (see, for instance [37,38]) and less
frequently to describe weak discontinuities [39, 40]. In

this paper, we propose an extension of the E-FEM weak

discontinuity version to the modelling of nanocompos-

ites size effect with surface elasticity. To that purpose,

we first compare the three E-FEM commonly consid-
ered formulations, namely, Statically and Kinematically

Optimal Nonsymmetric (SKON), Statically Optimal

Symmetric (SOS), and Kinematically Optimal Sym-

metric (KOS) in terms of numerical performances. Such
formulations have been intensively compared in the lit-

erature for the case of strong discontinuities (see [41,

42]) but, to the best of our knowledge, such a com-

parison has never been conducted for the case of weak

discontinuities. On the basis of this comparison, we pro-
pose an extension of the SKON formulation to account

for surface elasticity. The surface linear elasticity the-

ory of Gurtin [43] is then used to describe the tangen-

tial behavior of the interface and the equilibrium of
the interface is given by the generalized Young-Laplace

equation [44, 45]. The proposed approach is validated

for linear elastic materials and extended to nonlinear

behavior of the matrix and the inclusion.

The rest of the paper is organized as follows: the
governing equations in the context of coherent interface

are first presented in section 2. A two-field variational

formulation of the problem suitable for embedded fi-

nite element (E-FEM) approximation is then provided,

leading to a set of two equilibrium equations related
to the global and the local level. Due to the introduc-

tion of surface elasticity on the interface, additional sur-

face terms appear in both global and local equations.

In section 3, we present the discretization technique
and the resolution strategy for the adopted E-FEM ap-

proach. By using the “operator split method” and the

“static condensation”, a standard FE problem is re-

trieved. In section 4, we present a comparative study

of the three commonly adopted formulations for the E-

FEM approach. This comparison in first carried out for

the case of standard weak discontinuities. In section 5,

we apply the proposed numerical approach to the case
of nanocomposites with surface elasticity. The results

related to convergence analysis, linear homogenization

with periodic microstructure, and random microstruc-

ture are provided and compared to analytical solutions
as well as to other numerical approaches. A very first

application to nonlinear behavior of the matrix and in-

clusions is presented. Finally, in section 6, several con-

clusions and prospects are drawn.

2 Governing equations

In this section, we first present the problem of a two-

phase composite material with coherent interface and

its governing equations. In particular, we derive an en-

hanced assumed strain formulation of the problem in
hand. On this basis and after introduction of dedicated

E-FEM interpolations, the resulting discretised weak

form of the problem is presented.

2.1 Equilibrium equations and boundary conditions

Fig. 1: Problem definition: two phases material with

imperfect interface.

We consider a continuum bounded domain Ω ⊂ R
d (d

= 2 or 3), with boundary ∂Ω (∂Ω = ∂ΩF ∪ ∂Ωu and

∂ΩF ∩ ∂Ωu = ∅). The outward unit normal to ∂Ω is

denoted ñ. This domain consists of two phases Ω(1)

and Ω(2) which, in the rest of the paper, will denote in-
clusion and matrix, respectively. These two phases are

partitioned by an imperfect interface Γ (see Fig.1). The

unit normal vector to Γ is denoted as n, its direction
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is conventionally taken from Ω(1) towards Ω(2). The

jump of a quantity {•} over the interface is defined by

J{•}K = {•}(1) − {•}(2). The surface gradient and sur-

face divergence operators are respectively defined by:

∇s{•} := ∇{•} ·P and divs := ∇s{•} : P , (1)

with P := I− n⊗ n , (2)

where I is the second-order unit tensor while P is the
second-order projection operator on the interface Γ .

The bulk equilibrium equations in Ω(l) (l = 1, 2) are

given by:

divσ(l) + b = 0 in Ω(l), l = 1, 2 . (3)

where σ denotes the bulk Cauchy stress tensor and b

denotes a volume force.

The Neumann and Dirichlet boundary conditions on

∂Ω are defined by:

σ · ñ = F on ∂ΩF and u = ū on ∂Ωu , (4)

where F is the external force on ∂ΩF and ū is the

displacement prescribed on ∂Ωu.
An elastic coherent interface Γ is considered be-

tween the matrix Ω(2) and the inclusion Ω(1). Accord-

ing to the generalized Young-Laplace equation [44, 45]

the equilibrium of the interface Γ is given by:

JσK · n+ divsσs = 0 on Γ , (5)

where σs is the surface stress tensor.

Contrary to the classical continuum mechanics hy-

pothesis, the generalized Young-Laplace equation al-

lows a jump of the traction across the interface Γ . Us-
ing the decomposition of the traction jump vector into

its normal and tangential components, Eq.(5) can be

rewritten as:

{
P⊥ · JσK · n = −(σs : K)n

P · JσK · n = −P · divsσs
on Γ . (6)

The first equation of Eqs.(6) relates to the interface

equilibrium in the normal direction where P⊥ := n⊗n

and K the curvature tensor defined by

K = −∇sn = −∇n ·P . (7)

The surface gradient of the normal vector gives the cur-
vature tensor whose eigenvalues correspond to the prin-

cipal curvatures of the interface. For 2D cases, the in-

terface becomes a curved line and K admits the simple

representation :

K = κP =
1

R
P (8)

where κ and R are the curvature and the radius of cur-

vature of the interface, respectively. In the case of a

straight line interface (R = ∞ and κ = 0), the right

part of this equation vanishes even for non-zero inter-

face stress. The second equation of Eqs.(6) expresses
that the non-uniformity of the interface stress will cause

the discontinuity of the bulk shear stress.

Combining the two equations of Eqs.(6) allows to

rewrite Eq.(5) as follows:

JσK · n+ (σs : K)n+P · divsσs = 0 on Γ . (9)

This form of the generalized Young-Laplace equation

has been used in [21,22] and will be used in the present

work. In the classical case, the surface stress σs vanishes

and Eqs.(5), (6) and (9) reduce to the standard traction
continuity equation:

JσK · n = 0 on Γ . (10)

According to the coherent interface model, there is

no decohesion at the interface Γ so that, considering

Hadamard’s compatibility conditions, we have the fol-

lowing kinematic conditions on Γ :
{

JuK = 0 ,

JǫK = (a⊗ n+ n⊗ a) a ∈ Rd .
(11)

2.2 Constitutive equations for the bulk and the

interface

2.2.1 Linear elastic behavior

The bulk constitutive laws in the context of linear elas-

ticity are given by:

σ = C
(l) : ǫ in Ω(l), (l = 1, 2) , (12)

where C(l) is the fourth-order elastic stiffness tensor

associated with domain Ω(l).
On the interface, we introduce a surface/interface

elasticity as proposed by Gurtin and Murdoch [43] in

the following form:

σs = τoI2 + 2(µs − τo)ǫs + (λs + τo)tr(ǫs)I2 , (13)

where ǫs denotes the surface strain tensor, µs and λs

are the surface Lame’s constants characterizing the in-

terface elasticity, I2 represents the surface second order

identity tensor and τo is the surface tension. Eq.(13) is

considered as the constitutive law of the interface and
in the absence of τo, it can be written as:

σs = C
s : ǫs , (14)

where Cs is the surface elastic stiffness tensor.
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2.2.2 Non linear behavior

The bulk constitutive relations for nonlinear behaviors

are written in an incremental form as:

σ̇ = C
(l) : ǫ̇ in Ω(l), (l = 1, 2) , (15)

with

C
(l) =

{
C

(l) elastic response
Cep plastic response

(16)

where Cep is the elastoplastic tangent modulus com-

puted following [46, 47] at each iteration.

2.3 Weak form of the governing problem

2.3.1 Strain enhancement

As already mentioned, our goal, in this paper, is to
derive an Embedded Finite Element formulation to ac-

count for the imperfect interface between the matrix

and the inclusion. E-FEM interpolations are based on

mixed type formulations with independent strains and

displacements fields. Based on the Enhanced Assumed
Strain approach [48], we derive the weak form of the

problem previously presented in its strong form. In the

Enhanced Assumed Strain approach (or equivalently in

the so-called incompatible mode method [49]), the in-
finitesimal real strain field ǫ is decomposed into the

compatible part ∇su and an added enhanced field de-

noted here as γ:

ǫ = ∇su+ γ = ∇su+ γb + γsδΓ . (17)

where γb is the enhanced bulk strain and γs is the en-

hanced surface strain on Γ . δΓ is defined as:

δΓ =

{
1 on Γ

0 otherwise .
(18)

The surface strain is the projection of the bulk strain

on the tangential direction of the interface:

ǫs = P · ǫ ·P on Γ

= P · (∇su) ·P+P · γb ·P+P · γs ·P .
(19)

According to the Hadamard’s compatibility condi-
tions (11), there is no strain jump in the tangential

direction of the interface. The bulk strain enhancement

in this direction is therefore unnecessary, so that: P ·
γb · P = 0. The enhanced surface strain γs is defined
on Γ , as a tangential superficial tensor field, therefore:

γs = P · γs · P. The surface strain field can be then

expressed in the form:

ǫs = P · (∇su) ·P+ γs on Γ . (20)
Following the idea of the Enhanced Assumed Strain

method, not only the real but also the virtual strain

field is enhanced in the same way.

δǫ = ∇sδu+ δγ = ∇sδu+ δγb + δγsδΓ . (21)

In the same manner, the virtual surface strain field is
written in the form:

δǫs = P · (∇sδu) ·P+ δγs on Γ . (22)

2.3.2 Variational formulation with coherent interface

If we omit for a sake of simplicity the body force, the

Hu-Washizu functional for Ω(1), Ω(2) are written in Eq.

(23) and Eq. (24).

Π(1)(δu, δσ, δγ) =

∫

Ω(1)

(
∇su : σ(1) − ǫ : σ(1) +

1

2
ǫ : C(1) : ǫ

)
dΩ −

∫

Γ

u ·
(
σ(1) · n

)
dΓ −

∫

∂Ω
(1)
F

\Γ

u · FdS .
(23)

Π(2)(δu, δσ, δγ) =

∫

Ω(2)

(
∇su : σ(2) − ǫ : σ(2) +

1

2
ǫ : C(2) : ǫ

)
dΩ +

∫

Γ

u ·
(
σ(2) · n

)
dΓ −

∫

∂Ω
(2)
F

\Γ

u · FdS .
(24)

Π(s)(δu, δσs, δγ) =

∫

Γ

(
(P · ∇su ·P) : σs − ǫs : σs +

1

2
ǫs : C

s : ǫs

)
dΓ +

∫

Γ

u · JσK · ndΓ . (25)

Πtot(δu, δσ, δσs, δγ) =

∫

Ω\Γ

(∇su : σ − ǫ : σ +
1

2
ǫ : C : ǫ)dΩ +

∫

Γ

(
(P · ∇su ·P) : σs − ǫs : σs +

1

2
ǫs : C

s : ǫs

)
dΓ −

∫

∂ΩF

u · FdS .

(26)
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∀(δu, δσ, δσs, δγ)






∫

Ω\Γ

∇sδu : σ̂(ǫ) dΩ +

∫

Γ

(P · ∇sδu ·P) : σ̂s(ǫs) dΓ −

∫

∂ΩF

δu · F dS = 0

∫

Ω\Γ

δσ : γb dΩ = 0

∫

Γ

δσs : γs dΓ = 0

∫

Ω\Γ

δγb : (σ̂(ǫ)− σ) dΩ +

∫

Γ

δγs : (σ̂s(ǫs)− σs) dΓ = 0

(27a)

(27b)

(27c)

(27d)

∀(δu, δγ)





∫

Ω\Γ

∇sδu : σ̂(ǫ) dΩ +

∫

Γ

(P · ∇sδu ·P) : σ̂s(ǫs) dΓ −

∫

∂ΩF

δu · F dS = 0

∫

Ωe\Γe

δγ : σ̂(ǫ) dΩ +

∫

Γe

δγs : σ̂s(ǫs) dΓ = 0

(28a)

(28b)

Similarly, as we consider a coherent interface model,

the surface elasticity energy has also to be taken into
account. The interface contributionΠ(s) of the interface

Γ is written as in Eq. (25), where JσK·n =
(
σ(1) − σ(2)

)
·

n acts like a body force along the interface.

By combining Eq.(23), Eq.(24) and Eq.(25), the to-

tal functional written on Ω(1)∪Ω(2)∪Γ takes the form

presented in Eq. (26).

With the fact that δγ = δγb in Ω \ Γ and δγ=δγs

on Γ , the stationarity of Πtot is written in Eq. (27)

where σ̂(ǫ), σ̂s(ǫs) denote the bulk stress and the sur-

face stress field obtained from the constitutive law of

the bulk and the interface (linear and elastic in our

case).

Following the idea of the Enhanced Assumed Strain
method, the L2-orthogonality between the stress fields

and the enhanced strain fields is enforced. Hence, Eq.

(27b) and Eq. (27c) are satisfied and in Eq. (27d), we

have:
∫

Ω\Γ

δγb : σ dΩ = 0 and

∫

Γ

δγs : σs dΓ = 0 . (29)

We finally end up with the system presented in Eq.

(28).

3 Finite Element implementation

In this section, we present the finite element formula-

tion built in the framework of E-FEM formulations. In

particular, we detail the extension of the formulation to
the case of elastic imperfect interfaces and the proposed

enhancement of the strain field interpolation.

3.1 Strain fields interpolation

To build proper kinematic discontinuities, we can start

from the displacement field and derive the strain en-

hancement. In the case of a weak discontinuity problem

like the one on hand, the displacement field is contin-
uous across the interface Γ separating the two phases

Ω(1) and Ω(2) whereas the strain field is discontinuous.

Let’s consider an element (e) crossed by Γ , element (e)

being composed of n nodes i (i = 1, ..., n). We denote
as Ni(x) the shape function associated to node i and

ui the corresponding nodal displacement vector.

The displacement field on element (e) can be written

in the form:

uh(x) =

n∑

i=1

Ni(x)ui +M(x)a , (30)

where M(x) is an added shape function, continuous at

Γ and a is a vector of additional local degrees of free-

dom.

Fig. 2: Shape function M(x) in an enhanced element
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Function M(x) is chosen consistent with a weak

kinematic discontinuity in the form :

M(x) = ϕ(x)HΓ (x)−
∑

i∈Ω(1)

Ni(x)ϕi , (31)

where HΓ denotes the Heaviside function defined as :

HΓ (x) =

{
0 if x ∈ Ω(2)

1 if x ∈ Ω(1) (32)

ϕ(x) is here chosen to ensure that M(x) equals 0 on all

nodes of the element. To allow for a strain discontinuity,

the function ϕ(x) is here chosen as the restriction to the

element of the signed distance from x to the interface
Γ , ϕi corresponds to the evaluation of ϕ(x) on node

i. With such a choice, the unit normal vector to the

interface Γ is given by:

n(xΓ ) =
∇ϕ

||∇ϕ||
(xΓ ) , (33)

with xΓ a point on Γ .
In this work, we choose linear triangular elements.

To be consistent with the chosen interpolation, function

ϕ is approximated by a linear function as:

ϕh(x) =

n∑

i=1

Ni(x)ϕi (34)

such a choice leads to constant normal vector nh per

element corresponding to a linear approximation of the

(eventually curved) interface. The normal vector to the

interface is therefore constant in the considered element
(see Fig. 2). Hence, the components of the normal vec-

tor n(x) can be evaluated at every point x in the con-

sidered element by:

n(x) =
∇ϕh(x)

||∇ϕh(x)||
(35)

Considering Eq.(30) and the chosen expression for

the added function M, the real strain field can be writ-
ten in the form:

ǫ(x) = B(x)u︸ ︷︷ ︸
∇su

+Gr(x)a︸ ︷︷ ︸
γb

in Ω\Γ , (36)

with

Gr(x) = LM(x) = NHΓ (x)−
∑

i∈Ω(1)

Bi(x)ϕi , (37)

where L is the matrix operator associated with the sym-

metric gradient ∇s and, following the Voigt notation,

N is defined as (for 2D plane strain problems)

N =



nx 0

0 ny

ny nx


 . (38)

Note that with such a definition, the enhanced part of

the real strain tensor satisfies the kinematic conditions

corresponding to a so-called weak discontinuity.

On the same way, the interpolation of the virtual

strain field is defined as

δǫ(x) = B(x)δu︸ ︷︷ ︸
∇sδu

+Gv(x)δa︸ ︷︷ ︸
δγb

in Ω\Γ , (39)

where Gv is built as a modified version of Gr.

Based on the choice of the interpolation functions

Gr and Gv, the literature suggests three different for-

mulations for E-FEM approaches:

• Kinematically Optimal Symmetric (KOS) which
properly describes the kinematic aspect, where:

γb = Gra and δγb = Grδa . (40)

• Statically Optimal Symmetric (SOS) which nicely

satisfies the static equilibrium condition, where:

γb = Gva and δγb = Gvδa . (41)

• Statically Kinematically Optimal Nonsysmetric

(SKON) which allows representing both aspects of stat-
ics and kinematics, where:

γb = Gra and δγb = Gvδa . (42)

Gv can be obtained by following the procedure pro-
posed for the method of incompatible modes [50] lead-

ing to :

Gv(x) = Gr(x)−
1

V

∫

Ωe

Gr(x)dΩ . (43)

We then obtain, for three nodes triangular elements :

G(1)
v (x) =

V (2)

V
N in Ω(1)

G(2)
v (x) = −

V (1)

V
N in Ω(2) ,

(44)

where V (1) and V (2) denotes the volume (for 3D prob-

lems or area for 2D problems) of Ω(1) and Ω(2), respec-

tively.

The three formulations have already been tested in

the context of the E-FEM methods for the description
of cohesive interfaces in [41]. It has been shown that

SKON has better performances than the corresponding

symmetrical formulations (SOS and KOS). For the case

of weak discontinuities with coherent interfaces as we
consider in the present work, a comparison in terms of

numerical performances of these three formulations is

presented in section 4.
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As regards the interpolations, the surface strains as-

sociated with the interface Γ are built in a very similar

way as for the bulk (see Eq. (36) and Eq. (39)):

ǫhs = MBu+Grsa on Γ ,

δǫhs = MBδu+Gvsδa on Γ .
(45)

where matrix M is defined as :

M =




P 2
11 P 2

12 P11P12

P 2
12 P 2

22 P12P22

2P11P12 2P12P22 (P 2
12 + P11P22)


 ,

(46)

with P11, P12, P22 the components of the projection ten-
sor P.

The expressions of Grs, Gvs will be discussed in

the next subsection where they are used to describe the

equilibrium of the interface, given by the generalized

Young-Laplace equation Eq. (9).

3.2 Finite Element formulation and resolution strategy

Introducing Eq. (36), Eq. (39) and Eq. (45) into the
system of equations (28), the discretized problem reads

as follows:

Nelem

A
e=1

[f
Ωe\Γe

int + fΓe

int − feext] = 0 , (47)

he =

∫

Ω
(1)
e

(G(1)
v )T σ̂(1) dΩ +

∫

Ω
(2)
e

(G(2)
v )T σ̂(2) dΩ

+

∫

Γe

GT
vsσ̂s dΓ = 0 ∀e cut by Γ , (48)

where

Nelem

A
e=1

denotes the assembly process and with

f
Ωe\Γe

int =

∫

Ω
(1)
e

BTC(1)
(
Bu+G(1)

r a
)
dΩ

+

∫

Ω
(2)
e

BTC(2)
(
Bu+G(2)

r a
)
dΩ , (49)

fΓe

int =

∫

Γe

BTMTC(s) (MBu+Grsa) dΓ , (50)

feext =

∫

Ωe

NTbdΩ +

∫

∂ΩF

NTFdS , (51)

Due to the form of the interpolation of the enhanced

strain fields, Eq. (48) is an elementary equation solved

independently on each element crossed by the interface

Γ . Taking into account the expression of Gv Eq. (44),

we obtain the following local equation:

he =
V (2)

V

∫

Ω
(1)
e

N T σ̂(1)dΩ

−
V (1)

V

∫

Ω
(2)
e

N T σ̂(2)dΩ +

∫

Γe

GT
vsσ̂sdΓ = 0 . (52)

With the fact that we consider here 3 nodes triangular

elements, where the stress fields are constant both in

the bulks Ω
(1)
e and Ω

(2)
e and the interface Γ , Eq.(52)

becomes :

V (2)V (1)

V
N T

Jσ̂K +AGT
vsσ̂s = 0 , (53)

where A is the length (surface in 3D case) of the portion

of Γ crossing the considered element.

The interpolation function Gvs will be chosen to

ensure that the local equation (52) corresponds to the
equilibrium equation of the coherent interface, namely

the generalized Young-Laplace (Eq. (9)). We can notice

that N T
Jσ̂K is the Voigt’s notation of Jσ̂Kn. Since σ̂s

and K are symmetric tensors, combining Eq. (9) and

Eq. (53) leads to:

V (2)V (1)

V

[
nKT σ̂s +Pdivs(σ̂s)

]
= AGT

vsσ̂s , (54)

where K is the Voigt’s notation of the curvature tensor

K.

For the three nodes triangular element, the surface

stress is constant, and Eq. (54) is written at the element

level. Therefore, the surface divergence of the interface
stress divsσs vanishes :

V (2)V (1)

V
nKT σ̂s = AGT

vsσ̂s . (55)

It should be pointed out here that the non-uniform dis-

tribution of the interface stress (related to divsσs) is
taken into account at the global level through the global

equilibrium equation (47). We obtain the expression of

Gvs in the form:

Gvs =
V (2)V (1)

V A
KnT . (56)

For 3D case, the curvature tensor K can be determined

through the radii of curvature (in different directions)

of the interface. For 2D case, introducing (8) in Eq. (56)

gives:

Gvs =
V (2)V (1)

V A

1

R
PnT , (57)

where P is the Voigt’s notation of P.
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It can be pointed out here that the computation of

Gvs requires the geometrical features of the interface

(curvature tensor K, or radius R). In the general case

where the radius of curvature is not available or when

the interface changes its shape with respect to time as
in fluid mechanics, the value of the radius of curvature

can be numerically estimated through the nodal values

of the signed distance to the interface (level-set) [51],

denoted in this paper as ϕ(x) (see Eq. (34)).

In the bulk, where the SKON formulation is em-

ployed, Gr is built in order to ensure the kinematic

compatibility condition (between the enhanced strain
and the displacement field) while Gv is built to imply

the satisfaction of the traction continuity condition as

well as the patch test (see [48]). On the interface, the

kinematic compatibility condition is not required since
the interface is not explicitly discretized. Therefore, the

SOS formulation (see Eq. (41)) is used here for the in-

terface:

Gs = Grs = Gvs =
V (2)V (1)

V A

1

R
PnT . (58)

All these interpolations Gr,Gv and Gs (Eqs. (37),

(44), and (58)) allow to rewrite Eq. (47) and Eq. (48)
in the following matrix form:





Nelem

A
e=1

(Ke
uu u+Ke

ua a) =

Nelem

A
e=1

feext

Ke
au u+Ke

aa a = he ∀e cut by Γ

(59a)

(59b)

where

Ke
uu =

∫

Ω
(1)
e

BTC(1)B dΩ +

∫

Ω
(2)
e

BTC(2)B dΩ

+

∫

Γe

BTMTC(s)MB dΓ ,

Ke
ua =

∫

Ω
(1)
e

BTC(1)G(1)
r dΩ +

∫

Ω
(2)
e

BTC(2)G(2)
r dΩ

+

∫

Γe

BTMTC(s)Gs dΓ ,

Ke
au =

∫

Ω
(1)
e

(G(1)
v )TC(1)B dΩ +

∫

Ω
(2)
e

(G(2)
v )TC(2)B dΩ

+

∫

Γe

GT
s C

(s)MB dΓ ,

Ke
aa =

∫

Ω
(1)
e

(G(1)
v )TC(1)G(1)

r dΩ

+

∫

Ω
(2)
e

(G(2)
v )TC(2)G(2)

r dΩ +

∫

Γe

GT
s C

(s)Gs dΓ ,

(60)

C(1), C(2),C(s) correspond to the matrix form of the

elastic tensor for phase (1), phase (2) and the interface

Γ , respectively (l = 1, 2, s).

C(l) =




(λ(l) + 2µ(l)) λ(l) 0

λ(l) (λ(l) + 2µ(l)) 0

0 0 µ(l)



 . (61)

The system (59) is solved by taking advantage of the

fact that equations (59b) are written at the element

level. An “operator split” method is then considered

for the resolution: equation (59b) is solved at the ele-
ment level in order to obtain the variables a for each

element crossed by the interface, then, after a static

condensation procedure [52] at the element level, nodal

displacements u are obtained as solution of:

Nelem

A
e=1

K̃eu =

Nelem

A
e=1

feext (62)

with

K̃e = Ke
uu −Ke

ua(K
e
aa)

−1Ke
au . (63)

Due to static condensation, the size of the final global
system (62) to be solved is not modified from the stan-

dard FEM code. Hence, no matter how many inclusions

and interfaces exist in the RVE, the size of the problem

is preserved and only depends on the number of nodes

of the mesh.

Intersection between the interface and the mesh

Interface integration points

Bulk integration points

Fig. 3: Element cut by the interface Γ , approximated
interface and integration points in E-FEM.

As the enrichment does not affect the degree of in-

terpolation of the fields in the element (contrary to X-
FEM enrichment), the numerical integration procedure

only needs one integration point for each subdomain in

the considered element (see Fig.3).
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4 Performance of the three E-FEM

formulations

In this section, we aim at comparing the numerical per-

formance of the three E-FEM formulations usually con-

sidered in the literature and referred to as SOS (Stat-

ically Optimal Symmetric), KOS (Kinematically Opti-
mal Symmetric), and SKON (Statically Kinematically

Optimal Nonsysmetric). Such comparisons have already

been conducted in the case of strong discontinuities,

leading to the conclusion that, for linear elements, the
SKON formulation gives the best results regarding the

convergence and alleviates all the difficulties due to

stress locking [41, 42]. Since we consider, in this work,

weak discontinuities, the classical first Eshelby problem

and two phases problem are chosen to test the efficiency
of the three formulations.

The interface is here considered as a perfect inter-

face, no surface elasticity is taken into account. In that

case, the generalized Young-Laplace equation (Eqs. (5),
(6) and (9)) reduces to the standard traction continuity

JσK · n = 0.

Infinite domain

R

(a) Eshelby problem

R

(b) Two phases

Fig. 4: Classical first Eshelby problem and two phases

problem (R = 1nm, f = 0.2).

For the Eshelby problem, we consider a bounded do-

main surrounding a cylindrical inclusion (see Fig. 4a)

and we conduct the computations by prescribing the
analytical solution in terms of displacements on the

boundary of the finite domain. In the results presented

in this section, the loading conditions correspond to a

dilational eigenstrain ǫ∗ prescribed to the inclusion and

such that ǫ∗ = ǫ∗11 = ǫ∗22 = 0.5%, ǫ∗33 = 0. The Young
modulus E of the material is set to 3 GPa and the

Poisson ratio is set to 0.3.

For the two phases problem, the considered RVE

represented in 4b is considered and subjected to an
hydrostatic stress by prescribing, on the boundary of

the domain, the exact solution in terms of displace-

ment given in [53]. The material constants are chosen

as:Ei = 1 GPa, νi = 0.25, and Em = 10 GPa, νm = 0.3.

-1.8 -1.6 -1.4 -1.2 -1 -0.8 -0.6

 log10(h) 

-2

-1.8

-1.6

-1.4

-1.2

-1

-0.8

-0.6

-0.4

 lo
g 10

(e
) 

r = 0.51

r = 0.56

r = 1

r = 0.99
1

(a) Eshelby problem

-1.8 -1.6 -1.4 -1.2 -1 -0.8 -0.6

 log10(h) 

-2

-1.8

-1.6

-1.4

-1.2

-1

-0.8

-0.6

-0.4

 lo
g 10

(e
) 

r = 0.47

r = 0.73

r = 1

r = 1

1

(b) Two phases material

Fig. 5: Convergence analysis of three formulations of

E-FEM in treating the first Eshelby problem and the

two phases material problem.

The performance of the different numerical

approaches is evaluated through the error and conver-
gence rate. The error is computed as the relative energy

norm error of the difference between the exact solution

given in [53] and the numerical solution:

e =

√∫
Ω (ǫh(x)− ǫ(x)) : C : (ǫh(x) − ǫ(x)) dΩ∫

Ω
ǫ(x) : C : ǫ(x)dΩ

, (64)

where ǫh is the computed strain and ǫ is the analytical

solution. The results of conforming FEM is also added

to the comparison as a reference result.
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As shown in Fig. 5, the convergence of the SKON

formulation is the best among the three formulations of

E-FEM. The expected conforming FEM rate of conver-

gence r = 1 is recovered for SKON. Nevertheless, most

of the works based on E-FEM for the representation of
weak discontinuities consider a SOS formulation [39,40]

for its performance in ensuring the traction continuity

condition.

5 Numerical results

Based on the performance test above, we will consider

a SKON formulation for the next numerical examples
incorporating a surface elasticity. The results of the

proposed numerical approach will be validated and ex-

ploited for both linear and nonlinear behaviors of ma-

terial.

5.1 Eshelby problem with surface elasticity

This first example aims at validating the proposed nu-
merical approach on the Eshelby problem with surface

elasticity (see Fig.6a). The considered problem corre-

sponds to a cylindrical inclusion immersed in an infinite

elastic domain. An elastic interface is introduced be-
tween the infinite domain and the inclusion. As for the

classical Eshelby problem, a uniform dilational eigen-

strain ǫ∗ is prescribed in the inclusion. We consider

here that ǫ∗ = ǫ∗11 = ǫ∗22 = 0.5%, ǫ∗33 = 0. The Young

modulus E of the material is set to 3 GPa and the
Poisson ratio to 0.3. For the numerical computation,

only a bounded domain is considered around the in-

clusion and the analytical solution [15–18] in terms of

displacements is prescribed on the boundary of the fi-
nite domain. The convergence analysis obtained from

the proposed approach is compared to those of two nu-

merical approaches available in the literature namely

the ”Interface element” approach and the X-FEM ap-

proach (see meshes in Figs. 6c, 6d, 6e), which have been
studied in our previous work [36].

Fig.7 presents the comparison in terms of conver-

gence rate and efficiency of the three numerical ap-

proaches for the case without (ks = 0 N/m) and with

surface elasticity (ks = 6.092 N/m corresponding to

λs = 6.842 N/m, µs = −0.375 N/m [6]). It can be
seen that the convergence of E-FEM and ”Interface el-

ement” is not affected by the presence of surface elastic-

ity, the expected rate of convergence r ≈ 1 is recovered

whatever the surface elasticity parameters. The accu-
racy of the three strategies involved in this comparison

shows that the E-FEM solution is slightly less accu-

rate than the ”Interface element” solution. The degra-

Infinite domain

(a) Eshelby problem (b) Two-phases material

(c) X-FEM mesh (d) Interface element

(e) E-FEM mesh

Fig. 6: Surface elasticity is taken into account in the

plane strain model.

dation of the convergence rate of the X-FEM method,

when surface elasticity is considered, has been reported

in [32, 36].

5.2 Two phases nanomaterial

In the following, we consider the problem of the linear

homogenization of a two phases material with coherent

interfaces. Homogenization is performed assuming a pe-
riodic microstructure (see Fig. 8a), the considered RVE

is the unit-cell represented in Fig. 6b. The chosen mate-

rial properties are as follows: νm = νi = 0.32, Em = 70

GPa, Ei = 7 GPa and λs = 6.842 N/m, µs = −0.375
N/m (corresponding to ks = 6.092 N/m). The com-

putation of the effective bulk modulus is based on the

total deformation energy (bulk energy + interface en-
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Fig. 7: Convergence analysis for the Eshelby problem
with and without surface elasticity for the three meth-

ods: E-FEM, X-FEM, and Interface element.

ergy) and the assumption of isotropic effective proper-

ties. The normalized effective bulk modulus obtained

for the cases with and without surface elasticity versus

inclusion radius for a fixed volume fraction f = 0.2 is
presented in Fig. 8b. An excellent agreement not only

between the numerical approaches (E-FEM and Inter-

face element) but also between numerical and analytical

results (GSCM model, Le Quang and He [20]) is ob-

served. On a physical point of view, it may be noticed
that the size effect observed for the case accounting for

surface elasticity is more pronounced for a small radius

of the nano-inclusions.

As mentioned in the introduction, the limitation of
analytical solutions remains on the fact that only the

simple shapes (circular) of inclusions can be considered.

In order to show the ability of the numerical approach

Periodic boundary 

condition

(a) Periodic microstructure
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0.615
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E-FEM
Interface element
Analytical solution

with surface elasticity

(b) Normalized effective bulk modulus

Fig. 8: Size effect in effective plane-strain bulk modulus

for circular inclusion (f = 0, 2 , Em = 70 GPa, Ei =

0, 1Em, νm = νi = 0, 32).

in dealing with more complex geometries, several cases

with ellipse and non-convex arbitrary shapes of inclu-
sions are considered in the following. In these cases, for

the purposes of the comparison, we have chosen to con-

struct an effective ”bulk modulus” on the basis of the

isotropy assumption although that may not be the case
for arbitrary microstructures. Note that this choice does

not affect the conclusions on the observed size effects.

For the case of an ellipse cylindrical inclusion with

a = 2b (a : major axis, b : minor axis) presented in Fig.

9a, we recall that the radius of curvature of any point
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C(x, y) on the ellipse is calculated by

Rc =
a2

b

(
1−

(a2 − b2)x2

a4

)3/2

. (65)

No analytical results for the case of ellipse cylindrical

inclusions are available in the literature, the results ob-

tained with the ”Interface element” are therefore used

as reference results. The normalized effective bulk mod-
ulus versus the minor axis b of the ellipse inclusion is

shown in Fig. 9b.

Interface element E-FEM

(a) Ellipse cylindrical inclusions
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Fig. 9: Size effect in effective plane-strain bulk modulus

for ellipse inclusion (f = 0.2 , Em = 70 GPa, Ei =

0.1Em, νm = νi = 0.32).
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(d) Normalized effective bulk modulus

Fig. 10: Size effect and shape dependence in normalized

effective bulk modulus (f = 0.2 , Em = 70 GPa, Ei =

0.1Em, νm = νi = 0.32).

With the proposed approach, it is possible to intro-

duce imperfect interfaces accounting for surface energy

even for complex inclusion shapes. For this purpose, we

also investigate non-convex arbitrary shapes of inclu-
sions. To that end, the following radius function is used

R(α) = Ro +Asin(Bα), α = [0, 2π[ , (66)

with Ro the reference radius. A and B are deterministic

constants which define the amplitude and the period of

oscillations of the radius with the angular position α.
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With this function, the area of the inclusion is given as:

V =
4A2Bπ + 8ARo + 8BπR2

o − 8ARocos(2Bπ)

8B

+
A2sin(4Bπ)

8B
. (67)

We choose here A = 0.25Ro and B ∈ [3, 5, 7]. The

shapes corresponding to these choices are presented in
Figs. 10a, 10b, 10c. Due to the complexity of the ge-

ometry, analytical solutions are no more available. We

observe in Fig. 10d a great influence of the inclusion

shape on the effective bulk modulus. For a fixed vol-
ume fraction, a decrease of the bulk modulus according

to the increase of the number of oscillations can be re-

ported. This tendency has also been shown both with

the X-FEM approach in [32] and FEM-based conformal

mapping techniques in [54]. Moreover, we can note that
the size effect for different shapes of inclusion is clearly

shown.

5.3 Random microstrutures

(a) E-FEM

(b) Interface element

Fig. 11: Several samples for 30 randomly distributed

nano-inclusions.
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Fig. 12: Size effect for effective plane-strain bulk modu-
lus with randomly distributed nano-inclusions (f = 0.3

, Em = 70 GPa, Ei = 0.1Em, νm = νi = 0.32;

λs = 6.842 N/m, µs = −0.375 N/m, corresponding

to ks = 6.092 N/m).

To get closer to realistic micro-structures, different

RVEs consisting of randomly distributed nano-inclusions
are analyzed. We investigate here a domain with 30

monodisperse inclusions (see Fig. 11). The radius of the

inclusions is chosen in a range from 1 nm to 50 nm while

their volume fraction is fixed to f = 0.3. For each size

of inclusion, we generate a random microstructure and
calculate the homogenized bulk modulus until we reach

the statistical convergence of the average value of the ef-

fective bulk modulus (see Fig.12a). The results obtained

from the proposed approach are compared with those
of X-FEM and the Interface element approach [36]. The

expected size effect is observed for the three approaches

in Fig. 12b.
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X-FEM E-FEM Interface
element

Number of standard d.o.f 20000 20000 21528

Number of additional d.o.f 4560 4560 0

Total unknowns 24560 24560 21528

Number of integration points 9 2
each enriched element (2 on Γ ) (1 on Γ ) ∅

Size of elemental
stiffness matrix 12×12 6×6 6×6

Final size of
global stiffness matrix 4.104 × 4.104 2.104 × 2.104 21528×21528

Relative computing time
for 1 realization 2.36 1.02 1

Table 1: Comparison of computational cost (X-FEM vs E-FEM vs Interface Element).

The computational costs of the different approaches

are compared in Table 1. Note that the calculation time

presented in this work has to be compared only quali-

tatively and has a relative meaning since no code opti-
mization process has been done. We notice that X-FEM

and E-FEM have the same number of additional degrees

of freedom over the whole domain. However, due to

the nodal enrichment strategy, the elemental and global
stiffness matrices of X-FEM have double size compared

to standard FEM. Moreover, the X-FEM enrichment

makes the interpolations of the fields in the enriched el-

ement one order higher than for standard FEM. There-

fore, it requires more integration points in the bulk and
on the interface of the enriched element. On the con-

trary, the local enhancement of E-FEM allows condens-

ing the additional degrees of freedom at the element

level leading to a size of the final global system iden-
tical to that of standard FEM. The required memory

space and the computational time of E-FEM and Inter-

face element approaches are almost identical. For the

approaches performed on the regular mesh which do

not require any discretization effort, the results given
by E-FEM and X-FEM are very close but the proposed

approach is less costly than X-FEM.

5.4 Nonlinear behavior

After being validated and exploited for linear behaviors,
the developed numerical approach is employed here to

deal with non-linear material behavior. In the very first

example here, we consider the interface as a linear elas-

tic material. For the bulk, a von Mises type elastoplastic
law with linear isotropic hardening is considered :

f(σ,q) =‖ dev(σ) ‖ −

√
2

3
(σy − q) , (68)

where σy is the elastic limit stress and q is the stress-like

variable associated to hardening. Since we deal with a

non-linear problem, a standard Newton-Raphson pro-

cedure and a return mapping integration [46, 47, 55] of
elastoplasticity model have been used.

After linearization, the local equilibrium equations

are rewritten under an incremental form. The lineariza-

tion form of the local one (Eq. (59b)) is given as:

Lin
[
he

(
u
(i)
n+1, a

(i),(k)
n+1

)]
= −he

(
u
(i)
n+1, a

(i),(k)
n+1

)

+
(
[Ke

aa]
(i),(k)
n+1

)
∆a

(i),(k)
n+1 = 0 , (69)

where i, k are the global and local iteration, respectively

and n denotes global load step.
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Fig. 13: Homogenized elastoplastic behavior for three

different radii of nano-inclusion using X-FEM, E-FEM
and Interface element approach for a tensile test with

prescribed macroscopic strain ǫM11 = 0.3, ǫM22 = ǫM33 =

ǫM12 = 0.
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Interface element X-FEM E-FEM

R = 1 nm R = 1 nm R = 1 nm

R = 50 nm R = 50 nm R = 50 nm

Fig. 14: Comparison of the norm of deviatoric stress tensor ‖ dev(σ) ‖ (Pa) obtained from the three numerical

approaches at the end of the test for R = 1 nm and R = 50 nm.

After we found the value of a that verifies the local

equilibrium, the static condensation given in Eq. (63) is

performed. Note that all stiffness matrices Ke
uu, K

e
ua,

Ke
au, K

e
aa in Eq. (60) are now computed with the coher-

ent tangent stiffness Cep (see [46,47]) for the bulk. The

linearization for the global equilibrium equation for the

computation of ∆u
(i)
n+1 ends up with the form :

Nelem

A
e=1

(
f
e,int,(i)
n+1 − fextn+1

)
+

Nelem

A
e=1

K̃
e,(i)
n+1∆u

(i)
n+1 = 0 , (70)

where K̃
e,(i)
n+1 is obtained using Eq. (63) and

f
e,int,(i)
n+1 =

∫

Ωe\Γe

BTσ
(i)
n+1dΩ +

∫

Γe

BTMTσ
(i)
s,n+1dΓ .

(71)

The number of internal variables to be updated on

each enhanced element depends on the number of inte-

gration points we use on these elements. In our work,
we used 2 integration points per enhanced element (see

Fig. 3) resulting in 10 internal variables per element.

A simple traction test is performed on the RVE pre-

sented in Fig. 8 with the same material properties as in
the previous subsection (Em = 70 GPa, Ei = 0.1Em,

νm = νi = 0.32; λs = 6.842 N/m, µs = −0.375 N/m).

The elastic limit stress and hardening modulus of the

bulk are set to be equal for both matrix and inclusion :

σy = 7 GPa, K = 20 GPa. In order to observe the size

effect, we chose three different radii for the inclusion
R = 1nm, 2nm, and 50 nm. Fig. 13 shows the homo-

geneous behavior with regard to the mean deviatoric

stress with respect to the mean deviatoric strain. The

results obtained from the proposed approach are com-
pared to those from the X-FEM and Interface element

approach presented in our previous work [36]. The sig-

nificant influence of the interface is shown not only in

terms of effective elastic limit but also in terms of effec-

tive behavior both in the elastic and plastic parts of the
material. In addition, an excellent agreement between

the three numerical approaches is obtained whereas the

amount of local nonlinear updating is not the same or-

der for each method. Figures 14 and 15 present, respec-
tively, the distribution of the norm of the deviatoric

stress and the cumulative plastic strain field, at the

end of the test, for the case R = 1 nm and R = 50

nm considering three different numerical approaches.

As can be seen, the results in terms of the stress and
strain fields are very similar for the three approaches.

We notice that the radius of the inclusion affects the

stress distribution around the inclusion (see Fig. 14)

and therefore the plasticity evolution (see Fig. 15).
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Interface element X-FEM E-FEM

R = 1 nm R = 1 nm R = 1 nm

R = 50 nm R = 50 nm R = 50 nm

Fig. 15: Comparison of the cumulative plastic deformation obtained from the three numerical approaches at the

end of the test for R = 1 nm and R = 50 nm.

At this stage, we can proceed with a comparison

in terms of computational cost in handling the nonlin-

ear behavior of the three considered approaches. For
the case of circular nano-inclusion presented above, the

comparison is presented in Table 2. The enriched FEM

approaches (X-FEM, E-FEM) require more than one

integration point on the enriched elements resulting in
larger computational costs. Compared to X-FEM, E-

FEM requires fewer integration points on each enriched

elements (E-FEM : 2 points, X-FEM : 9 points). More-

over, the additional d.o.f for E-FEM can technically be

considered as internal variables of the enriched element
since they are determined and condensed at the local

level by the use of the operator split technique. There-

fore, among the two enriched FEM approaches, E-FEM

is cheaper than X-FEM in terms of computational cost.

With the enriched E-FEM approaches, the test can be

performed on more complex geometries of the RVE such

as inclusions with non-convex shapes as presented in
Fig. 10. For a fixed volume fraction f = 0.2, the shape

dependence on nonlinear behavior is presented in Fig.

16. The same conclusion as this reported in subsection

5.2 is observed. For a fixed volume fraction, we notice
a decrease of the rigidity according to the increase of

the number of oscillations in both elastic and plastic

phases.

Fig. 16: Homogenized elastoplastic behavior for differ-
ent shapes of inclusion.

6 Conclusion

In this work, we have proposed a numerical approach

based on the Embedded Finite Element Method for pre-
dicting the mechanical behavior of nanocomposite by

taking into account the size effect. A coherent inter-

face model with a surface elasticity has been added in
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X-FEM E-FEM Interface
element

Number of standard d.o.f 242 242 338

Number of enriched elements 34 34 0

Number of additional d.o.f 68 68 0

Total unknowns at the global level 310 242 338

Number of integration points
for each enriched element 9 2 ∅

Number of internal variables
for each enriched element 45 10 ∅

Final size of
global stiffness matrix 484 × 484 242 × 242 338 ×338

Relative computing time 4.80 2.65 1

Table 2: Comparison of computational cost in the case of an elastoplastic behavior (X-FEM vs E-FEM vs Interface
element).

the framework of a three-field variational formulation,
leading to the introduction of interface terms in both,

global and local, equilibrium equations. Instead of the

traction continuity condition, the generalized Young-

Laplace equation has been introduced at the element

level by choosing an appropriate interpolation of the
virtual enhanced surface strain. Due to the use of the

“operator split method” and “static condensation” at

the element level, the global size of the problem does

not depend on the number of inclusions and interfaces.

The choice of using the SKON formulation has been

made after a performance evaluation of the three for-

mulations of E-FEM in the classical homogenization

problems. In addition, the comparison of three numer-
ical methods (X-FEM, E-FEM, and Interface element)

in terms of convergence has been performed with and

without surface elasticity. The validation of the new ap-

proach based on E-FEM has been done by comparison
to analytical solutions and to the results provided by

X-FEM and Interface Element approaches. The effec-

tive moduli predicted by the proposed strategy are very

comparable to the one provided by X-FEM or Interface

element based approach, a size effect is revealed either
for periodic or random microstructures.

In order to assess the influence of the nonlinear be-

havior of the bulk, a nanocomposite unit cell composed

of an elastoplastic bulk with linear isotropic hardening
law and an elastic coherent interface has been studied.

The results obtained from the proposed approach based

on E-FEM showed a very good agreement to those of

the X-FEM and the Interface element approach. More-
over, the notable influence of the interface is clearly

shown. The size effect is observed both in the elastic

part and in the plastic part as well as on the appar-

ent elastic limit of the nanocomposite. These results
make it possible to consider more complex and realistic

behaviors than those usually considered, in particular

nonlinear behaviors with internal variables for the vari-

ous components. For future works, nonlinear behaviors

of the interface could also be investigated.

The comparisons between the three numerical meth-

ods (X-FEM, E-FEM, and Interface element) in terms

of computational cost have been presented for both lin-

ear and nonlinear cases. Due to the use of fewer in-

tegration points in the enriched elements and conden-
sation of additional d.o.f, E-FEM appears to be less

expensive than X-FEM, while allowing to describe the

microstrucutre with non-conforming meshes.

In future works, extension of the proposed approach
to 3D problems could be investigated along with a cou-

pling to more complex behaviors of the imperfect inter-

face.
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41. Milan Jirásek. Comparative study on finite elements with

embedded discontinuities. Computer methods in applied

mechanics and engineering, 188(1-3):307–330, 2000.
42. Fabien Cazes, Guenther Meschke, and Meng-Meng Zhou.

Strong discontinuity approaches: An algorithm for robust
performance and comparative assessment of accuracy. In-
ternational Journal of Solids and Structures, 96:355–379,
2016.

43. Morton E. Gurtin and A. Ian Murdoch. A continuum
theory of elastic material surfaces. Archive for Rational

Mechanics and Analysis, 57(4):291–323, Dec 1975.
44. Yu Z Povstenko. Theoretical investigation of phenomena

caused by heterogeneous surface tension in solids. Jour-

nal of the Mechanics and Physics of Solids, 41(9):1499–
1514, 1993.

45. ME Gurtin, J Weissmüller, and F Larche. A general the-
ory of curved deformable interfaces in solids at equilib-
rium. Philosophical Magazine A, 78(5):1093–1109, 1998.

46. Juan C Simo and Thomas JR Hughes. Computational in-

elasticity, volume 7. Springer Science & Business Media,
2006.

47. Adnan Ibrahimbegovic. Nonlinear solid mechanics: theo-

retical formulations and finite element solution methods,
volume 160. Springer Science & Business Media, 2009.

48. Juan C Simo and MS Rifai. A class of mixed assumed
strain methods and the method of incompatible modes.
International journal for numerical methods in engineer-

ing, 29(8):1595–1638, 1990.
49. Edward L Wilson and Adnan Ibrahimbegovic. Use of

incompatible displacement modes for the calculation of
element stiffnesses or stresses. Finite Elements in Anal-

ysis and Design, 7(3):229–241, 1990.

50. Adnan Ibrahimbegovic and EL Wilson. A modified
method of incompatible modes. Communications in Ap-

plied Numerical Methods, 7(3):187–194, 1991.
51. Jack Chessa and Ted Belytschko. An enriched finite ele-

ment method and level sets for axisymmetric two-phase
flow with surface tension. International Journal for Nu-

merical Methods in Engineering, 58(13):2041–2064, 2003.
52. Edward L Wilson. The static condensation algorithm.

International Journal for Numerical Methods in Engi-

neering, 8(1):198–203, 1974.
53. Natarajan Sukumar, David L Chopp, Nicolas Moës, and
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Answer to the reviewers on revised version of paper Computational

Mehanis

An Embedded-FEM approah aounting for the size e�et in

nanoomposites

First of all, we would like to thank the reviewers for their onstrutive omments, whih for sure help

us improve our paper. Please note that all the hanges in the revised version are marked in red.

Reviewer # 1

1. The urvature tensor is introdued in Equation 6 but spei�ed not before Equation 50 (moreover,

Equation 50 restrits the urvature tensor to the 2D ase; see omments below). The paper may bene�t

form providing some information on (the general format of) the urvature tensor when it is introdued

(for example diretly after Equation 6).

The general format and a brief introdution of the urvature tensor has been added after equation

(6) (see equations (7) and (8)).

2. The ontribution delta-Gamma in Equation 13 and 16 ould be spei�ed. (�ativation� of the surfae

ontribution on Gamma, I think; f. Equation 14 and 15, where �on Gamma� is expliitly mentioned

so that delta-Gamma = 1 on Gamma and 0 otherwise, orret?)

It's true that δΓ = 1 on Γ and 0 otherwise. The de�nition of δΓ has been added after Equation

(17) (previously numbered equation (13)) to larify. Thank you for your suggestion.

3. Equation 50 spei�es the urvature tensor for the 2D ase. It should be mentioned (in text or, for

example, in a Remark) how this extends to the 3D ase.

The extension to 3D ase of the de�nition of the urvature tensor has been added.

4. The paragraph after Equation 53 brie�y disusses the general omputation of the urvature (referene

49 is restrited to the axisymmetri ase). The paper would bene�t from further speifying this (is the

mean urvature based on the divergene of the normalized gradient of phi su�ient? how to deal with

�noisy� distributions of phi?). I onsider this information to be important, sine all examples inluded

in the paper diretly presribe the radius of urvature so that it is not addressed, respetively lear, how

the framework an be applied to more general, i.e. non-perfet, real mirostrutures based on, e.g.,

experimentally determined mirographs.

We have to admit that we did not have the opportunity to test the strategy on real non-perfet

mirostrutures based on mirographs. The proposed approah requires prior proessing (�ltering) of

images derived from mirographs of real mirostrutures. It is lear that the image segmentation phase,

the hoie of the segmentation parameters, and the hoie of disretization may a�et the e�etiveness

of the proposed strategy and must be arried out arefully.

5. The formulation is based on a small strain setting. The examples, for example in Setion 4, onsider

strains of 50 perent - is this realisti, respetively needed (ould be saled anyways - maybe a typo).

It's truly a typo, the onsidered strain is 0.5 perent (not 50 perent). Thank you for notiing and

pointing it out, we have orreted it in the revised version.
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6. The paper is well written. However, few wordings ould be heked suh as �Injeting� (Inserting?)

in the �rst sentene of Setion 3.2 and �submitted� (subjeted?) in paragraph after Figure 4, to name

but two.

The whole text has been arefully heked and typos orreted.

Reviewer # 2

7. Setion 2 : Governing equations The ontent of this setion is lear; some points dealing with

surfae elastiity suitably omplete the presentation already done in the referene 36 of the authors in

whih a XFEM/level-set approah for nanoomposites has been proposed. The onstitutive equations

desribed in subsetion 2.2 are restrited to linear elasti behavior while the non linear behavior is not

mentioned. Please, orret.

The onstitutive equations for the non linear behavior have been added in subsetion 2.2.

8. Setion 3 : Finite Element interpolation. Strain �eld interpolation is �rst presented. It is important

to learly indiate here what is the novelty, sine the displaement �eld is ontinuous? Is it the aount

of the strain �eld disontinuity or of the surfae strain assoiated to the interfae?. The authors must

learly indiated the original point(s) of the present setion.

The novelty is the extension of the E-FEM approah to take into aount imperfet interfaes with

surfae elastiity. More preisely, the main ontribution is the enhanement of the interpolation of the

interfae/surfae strain. We have added a omment on this point at the beginning of setion 3. We

thank you for the preious omment.

9. Setion 4 : The authors aim at assessing the performane of the SKON-based approah of E-FEM

with respet to that obtained with SOS and KOS based omputations, suh omparison being already

done by other authors (ited in the paper) for problems with strong disontinuities. My main ritiism

here is that suh evaluation is made only in the ase of linear elasti Eshelby problem with perfet

interfae. What is the guarantee that the SKON formulation will show the best performane in the

ontext of nano omposites (for wh imperfet interfae) and more ritially in the ase of a nano

omposite with an elastoplasti matrix? If possible, the authors must provide at this stage a numerial

omplement on these points and/or present strong and onvining arguments whih may support the

numerial results that will be presented in setion 5.

As SKON formulation shows better results for the limit ase of a perfet interfae (orresponding

to an imperfet elasti interfae with null elastiity parameters), we have hosen to ontinue our de-

velopments with this approah so as to have a general formulation valid in the general ase. This is,

moreover, onsistent with the observations made in the ase of ohesive interfaes (or strong disonti-

nuities) where the SKON method remains the formulation of hoie.

10. Setion 5 : Numerial results This setion is devoted to a plane strain modeling of nanoompos-

ites, with emphasis on inlusions size e�ets; i �nd it partiularly interesting in view of results obtained

from simulations with multiple inlusions or omplex shape. All the numerial results presented in the

paper are obtained for inlusions whih are ten times softer than the matrix. What is the reason of

suh hoie? Are the onlusions the same when the matrix is reinfored by sti�er nano inlusions?

Moreover, I am wondering if some results in setion 5.2 annot be ompared in the linear elasti ases

to analytial bounds established by Le Quang and He (Variational priniples and bounds for elasti in-

homogeneous materials with oherent imperfet interfaes. Mehanis of Materials 40 (2008) 865�884).

A reent and probably useful paper in the same vein, but on linear elasti nanoporous materials with

voids having arbitrary shape is by Doan et al. (E�etive elasti sti�ness of 2D materials ontaining
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nanovoids of arbitrary shape. International Journal of Engineering Siene 150 (2020) 103234). Con-

erning the e�etive bulk modulus shown on Figs 8 to 12, an the authors explain how it has been

omputed. Is there a proof of the isotropy of the e�etive properties? Subsetion 5.4 onstitutes a pre-

liminary study dealing with a von Mises type elastoplasti matrix reinfored by ylindrial inlusions.

The e�etive response is ompared to results obtained in the previous work of the authors based on

X-FEM omputation. I suggest to the authors to omplete these omparative results by showing strains

and or stress map in the ell.

The study of the ontrast e�et arried out in our previous work [1℄ showed that the size e�et

is a�eted by the sti�ness ontrast. The size e�et is greater for nanoporous materials (ontrast=0)

and dereases as the ontrast inreases. The hoie made here of a ontrast of 0.1 is an intermediate

hoie. The results, in terms of omparison of the di�erent approahes, remain valid for other levels

of ontrast.

The results in setion 5.2 are ompared to the analytial results obtained with the GSCM model

presented in [2℄ (H. Le Quang and Q. C. He. Estimation of the e�etive thermoelasti moduli of �brous

nanoomposites with ylindrially anisotropi phases. Arhive of Applied Mehanis, 79(3):225�248,

Mar 2009). We hose GSCM beause this model has the advantage of taking into aount the in-

terations between the di�erent phases (inlusions and matrix). This is not the ase for Voigt and

Reuss bounds, even if a size e�et has been added in "(Le Quang and He (Variational priniples and

bounds for elasti inhomogeneous materials with oherent imperfet interfaes. Mehanis of Materials

40 (2008) 865�884)".

The paper of Doan et al. (E�etive elasti sti�ness of 2D materials ontaining nanovoids of arbitrary

shape. International Journal of Engineering Siene 150 (2020) 103234) is interesting and has been

added to the referenes of this paper. Thank you for your ontribution.

The e�etive bulk modulus is alulated through the total deformation energy (bulk energy +

interfae energy) and the assumption of isotropy of the e�etive properties. In order to show the

ability of the numerial approah in dealing with more omplex geometries, several ases with ellipse

and non-onvex arbitrary shapes of inlusions are onsidered in setion 5.2. In these ases, for the

purposes of the omparison, we have hosen to onstrut an e�etive "bulk modulus" on the basis of

the isotropy assumption although that may not be the ase for arbitrary mirostrutures. Note that

this hoie does not a�et the onlusions on the observed size e�ets. These points have been lari�ed

in subsetion 5.2 of the revised paper.

Following your suggestion, the results and omments related to the stress and strain map in the

ell (the norm of deviatori stress tensor and the umulative plasti deformation on the RVE) have

been added to omplete the omparison.

Referenes

[1℄ Dang Phong Bah, Delphine Branherie, and Ludovi Cauvin. Size e�et in nanoomposites:

Xfem/level set approah and interfae element approah. Finite Elements in Analysis and Design,

165:41 � 51, 2019.

[2℄ H. Le Quang and Q. C. He. Estimation of the e�etive thermoelasti moduli of �brous nanoom-

posites with ylindrially anisotropi phases. Arhive of Applied Mehanis, 79(3):225�248, Mar

2009.
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Dear Editor, 
 
We are pleased to submit the following paper to your journal:  
 
An Embedded-FEM approach accounting for the size effect in nanocomposites  
 
by Dang Phong Bach, Delphine Brancherie and Ludovic Cauvin. 
 
We certify that the submission is an original work and is not under review for any other 
publication.  
 
With the increasing interest in the development of nanocomposite materials, arises the 
necessity to make use of dedicated numerical approaches to better understand the behavior of 
such materials. A numerical approach based on the Embedded Finite Element Method (E-FEM) 
has been elaborated in order to model size effect in nanocomposites. For this purpose, the E-
FEM standard Statically and Kinematically Optimal Nonsymmetric (SKON) formulation is 
enhanced to incorporate a surface elasticity at the interface between the matrix and the 
inclusions. The developed approach is shown to be an efficient tool for the evaluation and 
prediction of the mechanical behavior of nanocomposite materials. 
 
 

Sincerely yours, 
Dang Phong Bach, on the behalf of the authors 
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Problem definition: two phases material with imperfect interface. 

176x174mm (600 x 600 DPI) 

Page 24 of 63

Prof. Dr.-Ing. habil. P. Wriggers, Institute of Continuum Mechanics, Leibniz Universität Hannover, An der Universität 1, 30823 Garbsen, Germany

Computational Mechanics



For Peer Review

 

Shape function $ \bldM(\bldx) $ in an enhanced element 
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Element cut by the interface $ \Gamma $, approximated interface and integration points in E-FEM. 
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Classical first Eshelby problem and two-phase problem ($ R=1nm, f=0.2 $). (a) Eshelby problem 
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Classical first Eshelby problem and two-phase problem ($ R=1nm, f=0.2 $). (b) two-phase problem 

105x105mm (600 x 600 DPI) 

Page 28 of 63

Prof. Dr.-Ing. habil. P. Wriggers, Institute of Continuum Mechanics, Leibniz Universität Hannover, An der Universität 1, 30823 Garbsen, Germany

Computational Mechanics



For Peer Review

 

Convergence analysis of three formulations of E-FEM in treating the first Eshelby problem and the two-phase 
material problem. (a) Eshelby problem 
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Convergence analysis of three formulations of E-FEM in treating the first Eshelby problem and the two-phase 
material problem. (b) Two-phase material 
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Surface elasticity is taken into account in the plane strain model. (a) Eshelby problem 
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Surface elasticity is taken into account in the plane strain model. (b) Two phases material 
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Surface elasticity is taken into account in the plane strain model. (c) X-FEM mesh 
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Surface elasticity is taken into account in the plane strain model. (d) Interface element 
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Surface elasticity is taken into account in the plane strain model. (e) E-FEM mesh 
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Convergence analysis for the Eshelby problem with and without surface elasticity for the three methods: E-
FEM, X-FEM, and Interface element. (a) Without surface elasticity 
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Convergence analysis for the Eshelby problem with and without surface elasticity for the three methods: E-
FEM, X-FEM, and Interface element. (b) With surface elasticity 
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Size effect in effective plane-strain bulk modulus for circular inclusion ($ f=0,2 $ , $ E_{m} = 70 $ GPa, 
 $E_{i}=0,1E_{m}$, $\nu_{m} = \nu_{i} = 0,32 $). (a) Periodic microstructure 
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Size effect in effective plane-strain bulk modulus for circular inclusion ($ f=0,2 $ , $ E_{m} = 70 $ GPa, 
 $E_{i}=0,1E_{m}$, $\nu_{m} = \nu_{i} = 0,32 $). (b) Normalized effective bulk modulus 
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Size effect in effective plane-strain bulk modulus for ellipse inclusion ($ f=0.2 $ , $ E_{m} = 70 $ GPa, 
 $E_{i}=0.1E_{m}$, $\nu_{m} = \nu_{i} = 0.32 $). (a) Ellipse cylindrical inclusions 
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Size effect in effective plane-strain bulk modulus for ellipse inclusion ($ f=0.2 $ , $ E_{m} = 70 $ GPa, 
 $E_{i}=0.1E_{m}$, $\nu_{m} = \nu_{i} = 0.32 $). (b) Normalized effective bulk modulus 
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Size effect and shape dependence in normalized effective bulk modulus ($ f=0.2 $ , $ E_{m} = 70 $ GPa, 
 $E_{i}=0.1E_{m}$, $\nu_{m} = \nu_{i} = 0.32 $). (a) $ A=0.25R_{o} $ and $ B = 3 $ 
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Size effect and shape dependence in normalized effective bulk modulus ($ f=0.2 $ , $ E_{m} = 70 $ GPa, 
 $E_{i}=0.1E_{m}$, $\nu_{m} = \nu_{i} = 0.32 $). (b) $ A=0.25R_{o} $ and $ B = 5 $ 
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Size effect and shape dependence in normalized effective bulk modulus ($ f=0.2 $ , $ E_{m} = 70 $ GPa, 
 $E_{i}=0.1E_{m}$, $\nu_{m} = \nu_{i} = 0.32 $). (c) $ A=0.25R_{o} $ and $ B = 7 $ 
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Size effect and shape dependence in normalized effective bulk modulus ($ f=0.2 $ , $ E_{m} = 70 $ GPa, 
 $E_{i}=0.1E_{m}$, $\nu_{m} = \nu_{i} = 0.32 $). (d) Normalized effective bulk modulus 
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Several samples for 30 randomly distributed nano-inclusions. (a) E-FEM 
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Several samples for 30 randomly distributed nano-inclusions. (b) Interface element 
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Size effect for effective plane-strain bulk modulus with randomly distributed nano-inclusions ($ f=0.3 $ , $ 
E_{m} = 70 $ GPa,  $E_{i}=0.1E_{m}$, $\nu_{m} = \nu_{i} = 0.32; $ $ \lambda_{s} = 6.842 $ N/m, $ 

\mu_{s} = -0.375 $ N/m, corresponding to $ k_{s} = 6.092 $ N/m). (a) Statistical convergence 
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Size effect for effective plane-strain bulk modulus with randomly distributed nano-inclusions ($ f=0.3 $ , $ 
E_{m} = 70 $ GPa,  $E_{i}=0.1E_{m}$, $\nu_{m} = \nu_{i} = 0.32; $ $ \lambda_{s} = 6.842 $ N/m, $ 

\mu_{s} = -0.375 $ N/m, corresponding to $ k_{s} = 6.092 $ N/m). (b) Size effect 
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Homogenized elastoplastic behavior for three different radii of nano-inclusion using X-FEM, E-FEM and 
Interface element approach for a tensile test with prescribed macroscopic strain $ \epsilon_{11}^{M} = 

0.3, \epsilon_{22}^{M} = \epsilon_{33}^{M} = \epsilon_{12}^{M} = 0  $. 
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Homogenized elastoplastic behavior for different shapes of inclusion. 
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Comparison of the norm of deviatoric stress tensor $ \parallel \text{dev} (\bldsig) \parallel $ (Pa) obtained 
from the three numerical approaches at the end of the test for R = 1 nm and R = 50 nm. 
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Comparison of the norm of deviatoric stress tensor $ \parallel \text{dev} (\bldsig) \parallel $ (Pa) obtained 
from the three numerical approaches at the end of the test for R = 1 nm and R = 50 nm. 
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Comparison of the norm of deviatoric stress tensor $ \parallel \text{dev} (\bldsig) \parallel $ (Pa) obtained 
from the three numerical approaches at the end of the test for R = 1 nm and R = 50 nm. 
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Comparison of the norm of deviatoric stress tensor $ \parallel \text{dev} (\bldsig) \parallel $ (Pa) obtained 
from the three numerical approaches at the end of the test for R = 1 nm and R = 50 nm. 
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Comparison of the norm of deviatoric stress tensor $ \parallel \text{dev} (\bldsig) \parallel $ (Pa) obtained 
from the three numerical approaches at the end of the test for R = 1 nm and R = 50 nm. 

148x111mm (300 x 300 DPI) 

Page 56 of 63

Prof. Dr.-Ing. habil. P. Wriggers, Institute of Continuum Mechanics, Leibniz Universität Hannover, An der Universität 1, 30823 Garbsen, Germany

Computational Mechanics



For Peer Review

 

Comparison of the norm of deviatoric stress tensor $ \parallel \text{dev} (\bldsig) \parallel $ (Pa) obtained 
from the three numerical approaches at the end of the test for R = 1 nm and R = 50 nm. 
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Comparison of the cumulative plastic deformation obtained from the three numerical approaches at the end 
of the test for R = 1 nm and R = 50 nm. 
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Comparison of the cumulative plastic deformation obtained from the three numerical approaches at the end 
of the test for R = 1 nm and R = 50 nm. 
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Comparison of the cumulative plastic deformation obtained from the three numerical approaches at the end 
of the test for R = 1 nm and R = 50 nm. 
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Comparison of the cumulative plastic deformation obtained from the three numerical approaches at the end 
of the test for R = 1 nm and R = 50 nm. 
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Comparison of the cumulative plastic deformation obtained from the three numerical approaches at the end 
of the test for R = 1 nm and R = 50 nm. 
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Comparison of the cumulative plastic deformation obtained from the three numerical approaches at the end 
of the test for R = 1 nm and R = 50 nm. 
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